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The method

Reverse Mathematics measures the strength of theorems by
proving equivalence results over. . .

The base theory RCA0

:

Variables for natural numbers and sets of natural numbers

Axioms

Arithmetic axioms
(e.g. n + 0 = n and n + (m′) = (n + m)′)

Induction for particularly simple formulas

Recursive comprehension:
If you can compute a set, then it exists.
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A theorem of RCA0

Thm: (RCA0) For any X ⊂ N, the set Y = {n + 1 | n ∈ X } exists.

An example:
n 0 1 2 3 4 5 6
χx 1 0 0 1 1 0 0
χy 0 1 0 0 1 1 0

A proof sketch: Given χx , define

χy (n) =

{
0 if n = 0,
χx(n − 1) if n 6= 0.
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An equivalence theorem!

Thm: (RCA0) The following are equivalent:
(1) WKL0: Every infinite 0-1 tree has an infinite path.
(2) If every finite subgraph of G can be 2-colored, then G can

be 2-colored.

Proof sketch:
(1)→(2) Given a graph, build a tree such that every path

computes a coloring.
(2)→(1) Given a tree, build a graph such that every 2-coloring

computes a path.



Graph→tree and path→coloring
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More things equivalent to WKL0

Thm: (RCA0) The following are equivalent:
1. WKL0

2. Every continuous function on [0,1] is bounded. [5]
3. Every continuous function on [0,1] is Riemann integrable.

[5] [4]
4. Every open cover of [0,1] has a finite subcover. [1]
5. Every countable commutative ring has a prime ideal. [2]
6. Every bounded marriage problem with a unique solution

has an an enumeration of the boys such that the first n
boys know exactly n girls.[3]

Many theorems of mathematics are either provable in RCA0 or
equivalent to one of: WKL0, ACA0, ATR0, and Π1

1-CA0
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