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Let ATR, be the subsystem of second order arithmetic consisting of ACA, (the basic ordered semiring axioms
and the induction scheme for ¢ formulas as well as the induction axiom and the arithmetical comprehension
scheme) plus all instances of: YX(WO(X) — 3¥H,(X,Y)) where 6 is arithmetical (and where WO(X) =: X is a well
ordering and Hy(X,Y) says that Y'is the result of iterating the arithmetical formula ¢ along the ordering X).
Define two countable well orderings to be (1) weakly comparable if there is an order-preserving injection of one
into the other and (2) strongly comparable if the injection is an isomorphism between one ordering and an
initial segment of the other. The aim of the paper under review is to give detailed proofs of the following two
results: (a) The statement "any two countable well orderings are strongly comparable” is equivalent to ATR,
(announced by Friedman and proved by S. Simpson), and (b) the statement "any two countable well orderings
are weakly comparable” is equivalent to ATR, (Friedman).
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Two countable well orderings are weakly comparable if there is an order
prscring injecion of one into he other. We ey the well arderings are sirongly
comparable if th
segment of the other. In [S], Friedman announced that the statement “any two.
countable well orderings are strongly comparable” is cquivalent o ATR,.
Simpson provides a detailed proof of this result in Chapter S of [13]. More
recently, Fricdman has proved that the statement “any two countable well
orderings are weakly comparable” is equivalent to ATRy. The main goal of this
paper s 1o give a detailed exposition of this result
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converges to $x$.

s | To prove the forward implicatic Claim Let x € [0,1]. The real x is an accumulation point of {x; | o € ZN} if and
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no other element of $\{ x_\sign Proof of the claim: To prove the reverse implication, suppose that for every o, if

accumulation point of S\ x_\si¢ x €A, then x € A, or x € A,~,. Thus we have a sequence of rapidly shrinking

completing the proof of the clal . . . N . s
neighborhoods A,,, each of which contain x. The associated sequence of distinct reals
{Xo,)ien converges to x.

To prove the forward implication, we will prove the contrapositive. Suppose there is
a o such that x € A, but x ¢ (A,~oU A,~,). Either x = x, or x # xo. Then either
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current formulations seem to have some applicability. For example, Hirst’s [4] result
showing that the Heine-Borel Theorem for @ N [0, 1] implies WKL, is an immediate
consequence of Theorem 2. Also, Friedman and Hirst [3] define a canonical embedding
of a well ordered set into [0, 1]. Working in RCAy, if we can show that X C [0, 1] is
a countable closed set and is the range of this sort of canonical embedding of a well
ordering, then Theorem 1 shows that the Heine-Borel Theorem holds for X.
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