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Chapter 0 Key Concepts 
 
Properties of Integers 
 
The following definitions and theorems are of key importance:  
 

• Definitions: tôs, Greatest Common Divisor, Relatively Prime Integers. 
• Theorems: Division Algorithm, GCD Is a Linear Combination, Euclid’s 

Lemma, Fundamental Theorem of Arithmetic. 
 
A Note Concerning the Proofs of the Theorems 
 
The statements of the Division Algorithm and the GCD Is a Linear Combination 
theorems are important because will use them repeatedly throughout this course. 
You should read the proofs of these theorems, but do not get bogged down in the 
details. It is much more important that you understand the statements of the 
theorems and be able to use them later in this course when you are constructing 
your own proofs. However, the (short) proof of Euclid’s Lemma demonstrates 
several important proof techniques that you will need to use later in this course. 
Thus, you should make sure that you understand both the statement of Euclid’s 
Lemma and its proof. 
 
Division Algorithm  
 
When you first learned about division, you might have solved the problem 9 ÷ 4 
in the following manner: 
 

  
 
These symbols express the fact that 9 contains 2 full copies of 4 with a 
remainder of 1 left over, or in other words 9 = (4 ´ 2) + 1. In the division above, 
we were using the Division Algorithm, with a = 9, b = 4, and r = 1. Note that the 
Division Algorithm specifies that the remainder must be nonnegative and less 
than the divisor. Thus, the Division Algorithm would view the division (-9) ÷ 4 as 
the equation -9 = (4 ´ (-3)) + 3, as opposed to -9 = (4 ´ (-2)) + (-1). 
 
Due to its abstract nature, success in abstract algebra depends very much on 
learning to pay careful attention to details. Even though the Division Algorithm 
expresses a simple idea that you have probably understood since elementary 
school, it is important to consider this idea formally, paying careful attention to all 
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of the details. This practice will serve you well later in this course when we 
consider abstract ideas that you have not understood since elementary school. 
 
GCD Is a Linear Combination  
 
The following is an example that illustrates one way in which this theorem is 
useful. Given integers a and b, suppose that we can find integers s and t such 
that as + bt = 1. Since 1 is the smallest positive integer, by the GCD Is a Linear 
Combination theorem we can conclude that gcd(a,b) = 1. We should be careful 
when using this proof tactic though. We can conclude that gcd(a,b) = 1 only 
because gcd(a,b) is the smallest positive integer of the form as + bt. If we had 
instead found integers s and t such that as + bt = 3, then we could not have 
immediately concluded that gcd(a,b) = 3. 
 
Euclid’s Lemma 
 
You should carefully read and make sure you understand the proof of Euclid’s 
Lemma provided in our textbook. As we have stated, this proof demonstrates 
several important proof techniques that you will need to use later in this course. 
 
Modular Arithmetic 
 
The following definitions are of key importance: 
 

• Definitions: a mod n, Addition and Multiplication mod n. 
 
a mod n 
 
Computing a mod n is an algebraic operation, just like computing a + n or a ÷ n is 
an algebraic operation. The output of a mod n is simply the (unique) remainder 
given by the Division Algorithm when dividing a by n. For example:  
 
 9 mod 4 = 1 
 (–9) mod 4 = 3 
 8 mod 4 = 0 
 
Thus, we would say that a mod n = b mod n if and only if a and b have the same 
remainder given by the Division Algorithm when being divided by n. However, 
this definition of equivalence mod n sometimes turns out to be cumbersome 
when writing proofs. As such, we often use the following equivalent definition:  
 

a mod n = b mod n if and only if nô(a - b). 
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To see why this definition is equivalent, look at Exercise 7 on page 24 of our 
textbook, for which there is a complete solution in the back of the book. 
 
Why have two equivalent definitions for the same concept? When doing 
computational problems, it is often easier to use the fact that a mod n = b mod n 
if a and b have the same remainder given by the Division Algorithm when being 
divided by n. However, when trying to prove that a mod n = b mod n, it is often 
easier to show that nô(a - b). 
 
Addition and Multiplication mod n 
 
To see how to efficiently add and multiply integers mod n, look at the paragraph 
just above the middle of page 7 of our textbook that begins with “In our 
applications, we will use …” 
 
Equivalence Relations 
 
The following definitions and theorem are of key importance:  
 

• Definitions: Equivalence Relation, Equivalence Class, Partition. 
• Theorem: Equivalence Classes Partition. 

 
Equivalence Relation 
 
When you are reading about equivalence relations, pay special attention to 
Example 17 on page 19 of our textbook. This example shows that for any 
positive integer n, the relation defined by aRb if a mod n = b mod n (denoted a º 
b) is an equivalence relation on the set of integers. We will use this equivalence 
relation repeatedly throughout this course. 
 
Equivalence Class 
 
If R is an equivalence relation on a set S, and x is an element of S, then we say 
that the equivalence class of x, denoted [x], is the set of all elements in S that are 
related to x. For example, consider the equivalence relation on the set of all 
humans given by xRy if and only if x and y have the same parents. Then [you] 
(the equivalence class of you) is the set containing you and your siblings. 
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Partition 
 
If S is a set, then a partition of S is simply a collections of subsets of S that are 
disjoint (i.e., not overlapping) and for which the union of all of the subsets is 
equal to S. For example, the subsets {0}, {1,3}, and {2,4,5} form a partition of the 
set S = {0,1,2,3,4,5}. However, the subsets {0}, {1,2,3}, and {2,4,5} do not form a 
partition of the set S = {0,1,2,3,4,5} since {1,2,3} and {2,4,5} are not disjoint. Also, 
the subsets {0}, {1,3}, and {4,5} do not form a partition of the set S = {0,1,2,3,4,5} 
since the union of all of the subsets is not equal to S. 
 
Equivalence Classes Partition 
 
The proof of this theorem contains some techniques that are worth noting. 
 

• The proof begins with two distinct (i.e., not equal) equivalence classes [a] 
and [b]. To show that [a] Ç [b] = Æ, it is assumed that [a] Ç [b] ¹ Æ, which 
leads to [a] = [b], a contradiction. Contradiction is a common technique for 
proving that some set, in this case [a] Ç [b], is empty. 

• To show that [a] = [b], it is first shown that [a] Í [b], and then that [b] Í [a]. 
Showing that two sets are subsets of each other is the common technique 
for proving that the two sets, in this case [a] and [b], are equal. 

 
Functions 
 
The following definitions and theorem are of key importance:  
 

• Definitions: Function, Composition of Functions, One-to-One Function, 
Onto Function. 

• Theorem: Properties of Functions. 
 
One-to-One Function 
 
A function is one-to-one if each output is produced by exactly one input. 
 
Example 1: Determine whether the function f : R ® R (where R is the set of real 

numbers) given by  is one-to-one, and prove that your 

answer is correct. 
 
Solution: Remember the horizontal line test? Let’s start by looking at the 

following graph of f, with a dashed horizontal line included at y = 0.25. 
 

  
f (x) = x

x2 +1
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This graph indicates that f is not one-to-one, since the output 0.25 is 
produced by two different inputs. To see the two different inputs that 
produce the output 0.25, we must only solve the equation 

. Solving this equation yields . Thus, the 

following is one formal proof that  is not one-to-one: 

 

Proof. Let . Then  and , 

but . Therefore, f is not one-to-one.  ! 
 
To prove that a function is one-to-one (as opposed to proving that a function is 
not one-to-one, as we did above), we would need to show that given any output 
of the function there is exactly one input that produces the output. The easiest 
way to do this is to use the following two steps: 
 

1. Suppose f(x1) = f(x2). 
2. Show x1 = x2. 

 
In the first of these two steps we are taking some arbitrary output from the 
function, f(x1) produced by the input x1, and supposing that there is another input 
x2 into the function that produces the same output. In the second step, we are 

  
x

x2 +1
= 0.25   x = 2 ± 3

  
f (x) = x

x2 +1

  
f (x) = x

x2 +1   f (2 + 3) = 0.25   f (2 − 3) = 0.25

 2 + 3 ≠ 2 − 3
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showing that the only way this can happen is if x1 and x2 are actually identical. 
Here’s an example of this proof technique: 
 

Example 2: Prove that the function f : (R - {1}) ® (R - {0}) given by  

is one-to-one. 
 
Proof. Suppose f(x1) = f(x2). Then 

 

  = , which implies 

 
 x1 - 1 = x2 - 1, and thus 
 
 x1 = x2 . 
 
Therefore, f is one-to-one.  ! 

 
Onto Function 
 
A function f : A ® B is onto if for each b Î B, you can find some a Î A such that 
f(a) = b. In other words, the function f : A ® B is onto if the range of f is all of B. 
 

Example 3: Determine whether the function f : R ® R given by  is 

onto, and prove that your answer is correct. 
 
Solution: Look again at the graph of this function, which is shown in Example 1. 

It appears from this graph that the real number 0.6 is not in the range 
of f. Thus, we could prove that f is not onto as follows by proving that 
there is no a in A such that f(a) = 0.6: 
 

Proof. Let , and suppose f(a) = 0.6. Then , 

which simplifies to 0.6a2 - a + 0.6 = 0. Since the discriminant 
of 0.6a2 - a + 0.6 is negative (which can be easily verified), the 
equation 0.6a2 - a + 0.6 = 0 has no real solutions. Therefore, f 
is not onto.  ! 

 
To prove that a function f : A ® B is onto (as opposed to proving that a function 
is not onto, as we did above), we would need to show that given any output 

  
f (x) = 1

x −1

  

1
x1 −1   

1
x2 −1

  
f (x) = x

x2 +1

  
f (x) = x

x2 +1   

a
a2 +1

= 0.6



 7 

element b in B, there is an input element in A that produces b. Here’s an example 
of this proof technique: 
 

Example 4: Prove that the function f : (R - {1}) ® (R - {0}) given by  

is onto. 
 

Proof. Let b Î (R - {0}). Then note that , and that 

. Therefore, f is onto.  ! 

 

  
f (x) = 1

x −1
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