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Chapter 10 Key Concepts 
 
Group Homomorphisms 
 
The following definitions and theorems are of key importance:  
 

• Definitions: Group Homomorphism, Kernel of a Homomorphism. 
• Theorems: Properties of Elements Under Homomorphisms, Properties of 

Subgroups Under Homomorphisms, Kernels are Normal. 
 
Introduction to Homomorphisms 
 
The concept of a homomorphism is a generalization of an isomorphism. Two 
groups are homomorphic if an operation-preserving function exists from one to 
the other. Unlike an isomorphism, a homomorphism does not need to be either 
one-to-one or onto. Thus, an isomorphism can be viewed as simply a 
homomorphism that is also one-to-one and onto. 
 
Since a homomorphism is not necessarily one-to-one, there may be more than 
one element in the domain of a homomorphism that is mapped to the identity in 
the range of the homomorphism. Let f be a homomorphism from a group G to a 
group . Then the set of all elements in G that are mapped under f to the 
identity in  is called the kernel of f, denoted Ker f. 
 
Example:  Let G be the group of all ordered pairs (x,y) of real numbers with the 

operation of componentwise addition (i.e., (x,y) + (a,b) = (x+a, y+b)), 
let  be the group of all real numbers with the operation of normal 
addition, and consider the function  defined by f(x,y) = x. 
This function is a homomorphism since                                       
f((x,y) + (a,b)) = f(x+a, y+b) = x+a = f(x,y) + f(a,b). However, this 
function is not an isomorphism, since f(1,0) and f(1,1) both map to 
the same output, and thus f is not one-to-one. (Incidentally, note that 
f is clearly onto.) Ker f is the set of all elements in G that are 
mapped under f to 0. Since any element in G for which the first 
coordinate is 0 will be mapped under f to 0, we can see that          
Ker f = {(0,y) | y is in R}. Geometrically, if we think of G as the xy 
plane, and f as the projection of a point (x,y) in this plane onto the   
x-axis, then Ker f is simply the y-axis. 
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If  is an onto homomorphism and Ker f is small, then  serves as a 
nice approximation of G, and perhaps an easier group to study than G itself. For 
various homomorphisms , as the size of Ker f grows, the relationship 

between G and  diminishes. For example, if  is an onto 

homomorphism and Ker f = G, then  would contain only a single element, and 
thus would certainly tell us nothing about G. On page 205 of your textbook, a 
homomorphic image is likened to a picture in the following way: “A photograph of 
a person cannot tell us the person’s exact height, weight, or age. Nevertheless, 
we may be able to decide from a photograph whether the person is tall or short, 
heavy or thin, old or young, male or female. In the same way, a homomorphic 
image of a group gives us some information about the group.” 
 
Properties of Homomorphisms 
 
As we discussed in Chapter 6, two groups that are isomorphic are really the 
same group in the sense that every group theoretic property of one is also held 
by the other. While two groups that are homomorphic may not be the same 
group, they will necessarily share some group theoretic properties. Theorems 
10.1 and 10.2 on pages 196-197 of your textbook present some of the more 
important of these group theoretic properties. You should read both of these 
theorems carefully, and make sure that you not only understand each of these 
properties, but also that you could provide a proof of any of them. You can see 
examples of the utility of these properties in Examples 8-10 on pages 198-199 of 
your textbook. 
 
Property 8 in Theorem 10.2 on page 197 of your textbook states the following: If 

 is a normal subgroup of , then  is a normal 

subgroup of G. Note that for any group ,  is a normal subgroup of . If 

, then . Therefore, Property 8 in Theorem 

10.2 on page 197 of your textbook guarantees that if  is a 
homomorphism, then Ker f is a normal subgroup of G. This fact is also stated as 
the corollary on page 198 of your textbook. 
 
The First Isomorphism Theorem 
 
The following theorem is of key importance:  
 

• Theorem:  First Isomorphism Theorem. 
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The First Isomorphism Theorem links many of the topics that we have been 
studying. This theorem states that for a homomorphism , the factor 

group G/Ker f is isomorphic to the subgroup f(G) of . (Note also that this 
theorem states that if  is an onto homomorphism, then G/Ker f is 

isomorphic to .) The theorem even includes a description of an actual 
isomorphism y : G/Ker f ® f(G). The isomorphism y that is included in the 
statement of the theorem is simply y(gKer f) = f(g) for all g in G. The proof that 
this function y is well-defined and one-to-one relies on Property 5 in Theorem 
10.1 on page 196 of your textbook. The fact that y is onto is obvious, and the fact 
that y is operation-preserving is shown in a straightforward manner in the proof 
of the First Isomorphism Theorem on page 201 of your textbook. 
 
Example: Suppose that f is a homomorphism from Z30 onto a group of order 

five. Find the kernel of f. 
 
Solution: By the First Isomorphism Theorem we know that Z30/Ker f is 

isomorphic to a group of order five, and thus we know that Z30/Ker f 
contains five cosets. By Lagrange’s Theorem, we know then that Ker 
f must be of order six. Since Ker f is a subgroup of Z30, we can now 
conclude by the Fundamental Theorem of Cyclic Groups that         
Ker f = {0, 5, 10, 15, 20, 25}. 

 
Like the previous example, the corollary to the First Isomorphism Theorem on 
page 201 of your textbook and Examples 13-15 on pages 201-202 of your 
textbook should help you see the utility of the First Isomorphism Theorem. 
 
We already know that a factor group G/H can tell us some important information 
about the group G itself. We can now also see that for every homomorphism f, 
we can associate a factor group G/Ker f. Provided that Ker f is small enough, we 
should be able to use this factor group to tell us some important information 
about G. The First Isomorphism Theorem gives us even more help with 
understanding G, since we know from this theorem that the factor group G/Ker f 
has exactly the same algebraic properties as the group f(G). As such, by 
studying the group f(G) we can learn more about the group G itself. 
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