
   

 1 

Chapter 12 Key Concepts 
 
Definition, Examples of Rings 
 
The following definitions are of key importance:  
 

• Definitions:  Ring, Commutative Ring, Ring with Unity, Unit. 
 
Notation 
 
After reading the definition of a ring, you should be able to identify that a ring is a 
set R with two operations, an addition and a multiplication, that satisfy properties 
which can be summarized as follows: 
 

• R is an Abelian group under addition. 
• R is closed under an associative multiplication that distributes over 

addition. 
 
Because rings have two different operations, we must be careful to use different 
notations for the different operations. With rings it is customary to simply use 
additive group notation (i.e., +) for the addition operation and multiplicative group 
notation (i.e., juxtaposition) for the multiplication operation. In previous chapters 
we have tended to use multiplicative notation to represent generic group 
operations, even with abelian groups. For a brief summary of the differences 
between additive and multiplicative notation, see Table 2.2 on page 52 of your 
textbook. 
 
Also regarding notation, for an element a in a ring R, the notation na is 
ambiguous, since juxtaposition is used in additive groups to represent a + a + ××× + 
a (with n total terms). To avoid this ambiguity, it is noted in your textbook that 
whenever confusion is possible, na will be used to represent multiplication of ring 
elements n and a, and n × a will be used to represent a + a + ××× + a (with n total 
terms). For example, (2 × a)(3 × b) = (a + a)(b + b + b). 
 
Examples 
 
Examples 1-7 on pages 228-229 of your textbook contain several interesting 
examples of various types of rings. Make sure that you read these examples 
carefully and understand them completely. You can find a table summarizing 
some of the important properties of the rings in some of these examples in Table 
13.2 on page 242 of your textbook. 
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Properties of Rings, Subrings 
 
The following definition and theorems are of key importance:  
 

• Definition: Subring. 
• Theorems:  Rules of Multiplication, Uniqueness of the Unity and Inverses, 

Subring Test. 
 
Properties of Rings 
 
Theorem 12.1 on page 229 of your textbook lists several interesting properties 
that are always true of multiplication in a ring. The proof of each of these 
properties relies on the use of the distributive rules and the existence of additive 
inverses and an additive identity, all of which are true in every ring. You can find 
proofs of the first two of these properties on pages 229-230 of your textbook, and 
the proofs of the remaining four of these properties as the solution in the back of 
the book to Exercise 11 on page 233 of your textbook. Upon reading through this 
theorem, you may be tempted to believe that the properties listed in the theorem 
are all so obvious that there is no point in worrying about proving them. Indeed, it 
is true that the properties listed in the theorem are obviously true in the ring of 
integers. However, properties that are true in the ring of integers are not 
necessarily true in arbitrary rings. For example, in the ring Z6 with the operations 
of addition and multiplication modulo 6, it is possible for two nonzero elements to 
have a product of 0 (see Exercise 6b on page 232 of your textbook). 
 
It is noted in Theorem 12.2 on page 230 of your textbook that if a ring has a 
multiplicative identity, and if any elements in a ring have a multiplicative inverse, 
this identity and these inverses must be unique. (The proofs of these facts are 
identical to the proofs of Theorems 2.1 and 2.3 on pages 50-51 of your textbook.) 
However, it is worth emphasizing that a ring does not have to have a 
multiplicative identity, and even when a ring does have a multiplicative identity, 
none of the elements in the ring have to have a multiplicative inverse. 
 
Subrings 
 
Recall that a subgroup of a group is a subset that itself meets the requirements 
of being a group. Analogously, a subring of a ring is simply a subset that itself 
meets the requirements of being a ring. Thus a subset S of a ring R is a subring if 
the following conditions hold: 
 

• S is a subgroup of R under addition. 
• S is closed under the associative multiplication in R that distributes over 

the addition in R. 
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However, the associative and distributive properties that are true in R will 
automatically be inherited by any subset of R. As such, to check whether a 
subset S of a ring R is a subring, we really only need to check the following 
conditions: 
 

• S is a subgroup of R under addition. 
• S is closed under the multiplication in R. 

 
By the one-step subgroup test (Theorem 3.1 on page 62 of your textbook), we 
know that to show S is a subgroup of R under addition, we must only show that S 
is nonempty, and that for every a and b in S it follows that a - b is in S. Thus, we 
have verified the following theorem, called the Subring Test in Theorem 12.3 on 
page 230 of your textbook. 
 
Theorem: Suppose R is a ring, and let S be a subset of R for which the 

following three properties are true: 
 

1. S is nonempty. 
2. For every a and b in S, it follows that a - b is in S. 
3. For every a and b in S, it follows that ab is in S. 

 
Then S is a subring of R. 


