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Chapter 13 Key Concepts 
 
Definition and Examples, Fields 
 
The following definitions and theorems are of key importance:  
 

• Definitions:  Zero-Divisors, Integral Domain, Field. 
• Theorem:  Cancellation, Finite Integral Domains Are Fields, Zp Is a Field. 

 
Definition and Examples 
 
Exercise 6 on page 232 of your textbook essentially asks you to give an example 
of a pair of nonzero elements a and b in a ring Zn with the property that ab = 0 in 
Zn. One such example is the pair of nonzero elements 2 and 3 in Z6, since           
2 × 3 = 0 in Z6. Since 2 and 3 are both nonzero in Z6, but have a product of zero in 
Z6, then 2 and 3 are both zero-divisors in Z6. A commutative ring with unity that 
has no zero-divisors is called an integral domain. 
 
The ring with which you are probably most familiar and comfortable is the ring of 
integers. The ring of integers is an integral domain because its multiplication is 
commutative, it has a unity (the integer 1), and it has no zero-divisors. You 
should be careful not to assume that arbitrary rings have all of the same 
properties that the ring of integers has. Many of the nice properties that the ring 
of integers has rely on the fact that the ring of integers has no zero-divisors. For 
example, consider the polynomial x2 - 4x + 3. Note that this polynomial factors 
over the ring of integers as x2 - 4x + 3 = (x - 1)(x - 3), and thus we can conclude 
that over the ring of integers this polynomial only has two roots, x = 1 and x = 3. 
However, you can (and should!) verify by direct substitution that over the ring Z12, 
this polynomial has four roots, x = 1, x = 3, x = 7, and x = 9! It might seem odd for 
you to learn that a polynomial of degree two can have more than two roots over 
Z12, but it’s easy to see why. Z12 is not an integral domain, and thus a pair of 
nonzero elements in Z12 can have a product of zero. For example, when we 
substitute x = 7 into the factored form of the polynomial x2 - 4x + 3, the two 
factors become 6 and 4, which are zero-divisors in Z12. Similarly, when we 
substitute x = 9 into the factored form of the polynomial x2 - 4x + 3, the two 
factors become 8 and 6, which are also zero-divisors in Z12. In high school 
algebra you learned that if you factor a polynomial of degree two into linear 
factors and set each factor equal to zero, you obtain all of the roots of the 
polynomial. This is true, but only because you were considering the polynomial 
over an integral domain (usually the ring of integers or the ring of real numbers). 
This process does not necessarily work if you are considering the polynomial 
over a ring that is not an integral domain. 
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Cancellation 
 
Recall that the ring Z6 has the odd property that 2 × 3 = 0, with the oddity being 
that a pair of nonzero elements in this ring can have a product of zero. Here’s 
another odd thing that can happen in this ring: 2 × 4 = 2 × 1 (both products are 
equal to 2 modulo 6), even though 4 ¹ 1 in Z6. Another way to view this oddity is 
that while it is true that 2 × 4 = 2 × 1 in Z6, the 2 cannot be cancelled from both 
sides of this equation, even though 2 is a nonzero element in Z6. The 
cancellation property that is true in the rings of integers and real numbers (if a is 
nonzero, then ab = ac Þ b = c) fails to carry over into rings that are not integral 
domains. Luckily, this cancellation property does carry over into all other rings 
that are integral domains. To see why, let a be a nonzero element in an integral 
domain D, let b and c be any pair of elements in D, and suppose ab = ac. To 
show that the cancellation property carries over into D, we must only be able to 
conclude that b = c. But if ab = ac, then ab - ac = 0, and so a(b - c) = 0. 
However, since a is nonzero and D contains no zero-divisors, from a(b - c) = 0 
we can conclude that b - c = 0, or b = c. 
 
Fields 
 
A field is a commutative ring with unity in which every nonzero element in the ring 
has a multiplicative inverse in the ring. Thus, if a is a nonzero element in a field, 
then a-1 must be in the field as well. Furthermore, if a is a nonzero element in a 
field and ab = 0, then a-1ab = a-10, which yields b = 0, and so every field must be 
an integral domain! As it turns out, every finite integral domain must also be a 
field. (This fact is stated as Theorem 13.2 on page 239 of your textbook, the 
proof of which is almost identical to the proof of the finite subgroup test.) Of 
course, the ring of integers is an integral domain but not a field, and so not all 
integral domains must be fields. However, it is true that all finite integral domains 
must be fields, which allows us to easily conclude that the ring Zp will be a field if 
and only if p is prime. 
 
Summary 
 
Table 13.2 on page 242 of your textbook provides a nice summary of some 
common rings and some of their properties. You should make sure that you 
understand why each of the properties listed in this table is correct. 


