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Chapter 15 Key Concepts 
 
Ring Homomorphisms 
 
The following definitions and theorems are of key importance: 
 

• Definitions:   Ring Homomorphism, Ring Isomorphism, Kernel. 
• Theorems:   Properties of Ring Homomorphisms, Kernels Are Ideals, First 

Isomorphism Theorem for Rings, Ideals Are Kernels. 
 
Definition and Examples 
 
Recall that a homomorphism from a group G to a group  is a function f from G 
to  that preserves the group operation (i.e., such that f(ab) = f(a)f(b) for all a 
and b in G). Also, recall that a group isomorphism is simply a group 
homomorphism that is both one-to-one and onto. Similarly, a homomorphism 
from a ring R to a ring S is a function f from R to S that preserves both of the ring 
operations (i.e., such that f(a + b) = f(a) + f(b) and f(ab) = f(a)f(b) for all a and 
b in R). Also, an isomorphism between rings is simply a homomorphism that is 
both one-to-one and onto. 
 
Properties of Ring Homomorphisms 
 
Theorems 15.1, 15.2, and 15.4 on pages 266-267 of your textbook list several 
important properties of ring homomorphisms and isomorphisms. These 
properties are all very similar to properties that we looked at when we studied 
group homomorphisms and isomorphisms. In fact, many of the proofs of these 
properties of ring homomorphisms and isomorphisms are identical to the proofs 
of the analogous properties of group homomorphisms and isomorphisms after 
replacing normal subgroup with ideal in each occurrence. 
 
First Isomorphism Theorem for Rings 
 
The First Isomorphism Theorem for Rings (Theorem 15.3 on page 266 of your 
textbook) should look very familiar to you because it is almost identical to the 
First Isomorphism Theorem for Groups. As such, it can be used in very much the 
same way as how we used the First Isomorphism Theorem for Groups. For 
example, since the function f(x) = x mod 5 is a ring homomorphism from the ring 
Z of integers onto the ring Z5 = {0, 1, 2, 3, 4} with the operations of addition and 
multiplication mod 5 with Ker f = 5Z, then from the First Isomorphism Theorem 
for Rings, we know that Z/5Z is isomorphic to Z5. 
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