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Chapter 1 Key Concepts 
 
Symmetries of a Square 
 
The following definition and concepts are of key importance:  
 

• Definition: Dihedral Group of Order 8. 
• Concepts: Composition of Rigid Motions, Cayley Table, Closure, Identity, 

Inverse, Commutative, Abelian, Associative. 
 
Composition of Rigid Motions in the Dihedral Group of Order 8 
 

 
 
Consider the square with four colored corners shown on the left in the image 
above. Now imagine a vertical line drawn through the middle of the square 
connecting the middle of the top of the square with the middle of the bottom of 
the square, and flip the square about this vertical line. This motion is labeled as V 
on page 32 of your textbook. The square will then occupy exactly the same 
space as it did before, but will now be oriented as the square shown in the middle 
in the image above. Next, rotate this square counterclockwise by 270 degrees. 
This motion is labeled as R270 on page 32 of your textbook. Again, the square will 
occupy exactly the same space as it did before, but will now be orientated as the 
square shown on the right in the image above. The motion V followed by the 
motion R270, as we just described for the square shown on the left in the image 
above, is called the composition of V and R270. The notation for this composition 
of motions is R270V (understood to be V followed by R270). Note also that in the 
image above, we could have gone directly from the square shown on the left to 
the square shown on the right in one motion by flipping the square about a 
diagonal line connecting the upper right and lower left corners of the square. This 
motion is labeled as D¢ on page 32 of your textbook. That is, for the motions V, 
R270, and D¢, it follows that R270V = D¢. 
 
 
 
 



 2 

Group Conditions in the Dihedral Group of Order 8 
 
The dihedral group of order 8 consists of the set of 8 rigid motions of a square 
(as listed on page 32 of your textbook, with diagrams to illustrate each one) along 
with the composition operation. This operation tells us how to combine two 
elements in the group to create a (possibly) different element in the group. The 
following properties of the dihedral group of order 8, which are precisely the 
conditions that are required of any set and operation to be a group, are pointed 
out on pages 33-34 of your textbook: 
 
The set is closed with respect to the operation. 
 

• If you compose any pair of rigid motions of a square, the result will be 
equivalent to a single rigid motion of the square.  

 
The set contains an identity element with respect to the operation. 
 

• The rotation of 0 degrees is the identity element in the dihedral group of 
order 8, because if we compose the rotation of 0 degrees with any of the 
rigid motions of a square (in either order) the result of the composition will 
be exactly the rigid motion with which we composed the rotation of 0 
degrees. 

 
Each element in the set has an inverse element in the set with respect to 
the operation. 
 

• In the dihedral group of order 8, note that R90R270 = R0 (the identity 
element), and R270R90 = R0. Thus, R90 and R270 are inverses of each other 
in the dihedral group of order 8. 

• Look at the Cayley table for the dihedral group of order 8 that is shown in 
the middle of page 33 of your textbook. Note from this table that for every 
element in the group that you can start with, there is some element 
(possible identical to the element that you started with) that when 
composed with the element that you started with yields the identity 
element. As such, every element in the dihedral group of order 8 has an 
inverse element in the dihedral group of order 8. 

 
The operation on the set is associative. 
 

• Each rigid motion of a square is simply a function on the set of orientations 
of the square. 

• It is known that for any three functions f, g, and h, the following is true: 
. Thus, function composition is associative.    f  (g h) = (f g) h
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• Since the dihedral group of order 8 can be viewed as a set of 8 functions 
with the composition operation, and all functions are associative with the 
composition operation, then we can conclude that the dihedral group of 
order 8 satisfies the associativity property. 

 
The Dihedral Groups 
 
The following definition is of key importance: 
 

• Definition: Dihedral Group of Order 2n. 
 
Dihedral Group of Order 2n 
 
The dihedral group Dn of order 2n consists of the set of 2n rigid motions of a 
regular polygon with n sides along with the composition operation. We previously 
considered the dihedral group D4 of order 8. Consider now the dihedral group D3 
of order 6. This group consists of the set of 6 rigid motions of an equatilateral 
triangle along with the composition operation. 
 

 
 
Consider the equilateral triangle shown in the image above. For this image, the 6 
rigid motions in the dihedral group D3 can be expressed as follows: 
 

• R0 = Rotation of 0 degrees (no change in position), which is the identity 
element. 

• R120 = Rotation of 120 degrees (counterclockwise). 
• R240 = Rotation of 240 degrees. 
• V = Flip about a vertical axis (about the blue line above, leaving B fixed). 
• D = Flip about one diagonal (about the green line above, leaving A fixed). 
• D¢ = Flip about the other diagonal (about the pink line above, leaving C 

fixed). 
 
We can then compute compositions of these rigid motions in the same manner 
as when we considered the dihedral group D4 of order 8. 
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Symmetry Groups 
 
The following definitions are of key importance:  
 

• Definitions: Plane Symmetry, Symmetry Group, Cyclic Rotation Group. 
 
Plane Symmetry, Symmetry Group, Cyclic Rotation Group 
 
A plane symmetry of a figure in the plane is a rigid motion of the figure that 
leaves the figure appearing exactly as how it appeared before the motion. The 
symmetry group of a figure in the plane is the set of all plane symmetries of the 
figure along with the composition operation. 
 
For example, for the green five-pointed star shown below, the symmetry group is 
the dihedral group D5. For the black-and-white compass star shown below, the 
symmetry group is the cyclic rotation group áR90ñ = {R0, R90, R180, R270} of 
counterclockwise rotations along with the composition operation. 
 

                                                                           
 
The vertical, horizontal, and diagonal flips that are part of the dihedral group D4 
are not plane symmetries of the black-and-white compass star shown above 
because they interchange the smaller black and white triangles that form the 
points of the compass star. 
 


