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Chapter 2 Key Concepts 
 
Definition and Examples of Groups 
 
The following definitions are of key importance:  
 

• Definitions: Binary Operation, Group, Associativity, Identity Element in a 
Group, Inverse of an Element in a Group, Abelian. 

 
Binary Operation 
 
Addition and multiplication are both binary operations on the set of positive 
integers; the result of adding or multiplying two positive integers is another 
positive integer. However, subtraction and division are not binary operations on 
the set of positive integers; the result of subtracting or dividing two positive 
integers may not be another positive integer. 
 
Group 
 
Recall that in Chapter 1 we looked at the dihedral group D4, and considered four 
conditions that the set of rigid motions of a square along with the composition 
operation satisfies: closure, the set contains an identity element, each element in 
the set has an inverse element in the set, and associativity. If you compare these 
four conditions with the properties listed in the definition of a group on page 43 of 
your textbook, you will see that the closure condition is missing. Too see why, 
look at what this definition states that a binary operation is. If the operation 
provided for a group is a binary operation on the given set, then the set by 
definition satisfies the closure condition. Thus, in order for a set G with a given 
operation to be a group, we must verify that G is closed with respect to the 
operation. It might make it easier for you to remember to check this if you add a 
4th property to those listed in the definition: The set G is closed with respect to 
the given operation. (This is totally redundant if you require that the operation be 
binary to start with, but adding this property should remind you of something that 
is easy to forget when you are asked to verify that a set with a given operation is 
a group.) 
 
So to show that a set G with a given operation * is a group, you must show that 
the following four properties hold. (As a running example throughout this list, we 
will show that the set of all even integers with the operation of addition is a 
group.) 
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1. For all a, b, and c in G, it follows that (a * b) * c = a * (b * c). (The 
operation is associative on the set.) 
 
Please note that since you must verify this for all a, b, and c in G, you 
cannot use examples (unless you can show every possible example). 
Instead, you should verify the result for arbitrary a, b, and c in G. 
 
Example: It is true that (a + b) + c = a + (b + c) for all even integers a, b, 

and c. Thus, the operation of addition is associative on the set 
of all even integers. 

 
2. There is an element e in G with the property that a * e = e * a = a for all a 

in G. (The group contains an identity.)  
 
Please note that it must be the case that a specific element of the group 
serves as the identity e for all a in G (as opposed to having a different e 
serve as the identity for some elements in the group). Then to verify that 
the specific element e is an identity for the group, you must verify for an 
arbitrary element of the group, say a, that a * e = a and e * a = a. 
 
Example: For the even integer 0, and for any even integer a, it follows 

that a + 0 = a and 0 + a = a. Thus, 0 is the identity for the set of 
all even integers with the operation of addition. 

 
3. Suppose G has identity e. Then for each element a in G, there is an 

element b in G with the property that a * b = e and b * a = e. (Each 
element in the group has an inverse in the group). 
 
Please note that while each element in the group must have an inverse in 
the group, they do not have to all have the same inverse. Indeed, every 
element in the group can have a different inverse. So to verify this 
property for a specific group, you can take an arbitrary element in the 
group, say a, and find an element b in the group (which can depend on a) 
with the property that a * b = e and b * a = e. 
 
Example: Let a be an arbitrary even integer. Then a = 2k for some integer 

k. Since a = 2k, then –a = 2(–k), and thus –a is in the set of all 
even integers as well. Furthermore, a + (–a) = 0 and (–a) + a = 
0. Thus, the inverse of the element a in the set of all even 
integers with the operation of addition is –a. 

 
4. If a and b are any pair of elements in G, then a * b is also in G. (The set is 

closed with respect to the operation.) 
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Please note that since you must verify this for all a and b in G, you cannot 
use examples (unless you can show every possible example). Instead, 
you should verify the result for arbitrary a and b in G. 
 
Example: Let a and b be arbitrary even integers. Then a = 2k and b = 2j 

for some integers k and j. Then a + b = 2k + 2j = 2(k + j), and so 
a + b is in the set of all even integers as well. Thus, the set of 
all even integers is closed with respect to the operation of 
addition. 

 
Why these four properties? 
 
Why are these four properties important enough that we give a special name to a 
set with an operation that satisfies them? One reason is that these are exactly 
the properties that allow us to solve equations that involve elements of the set 
with the operation. For example, consider the following list of equations over the 
set Q+ of all positive rational numbers with the operation of multiplication (which 
forms a group according to Example 4 on page 44 of your textbook). 
 
  
  

  

  

  

  

  

  

 

 
In the preceding list of equations, we use each of the four properties of a group. 
In the second equation, we are guaranteed by Property 3 that a multiplicative 
inverse of 6 will exist in Q+. Also, we are guaranteed by Property 1 that we can 
regroup the factors on the left in the second equation to form the factors on the 
left in the third equation. Furthermore, we are guaranteed by Property 4 that 
when we form the product on the right in the second equation to obtain the 
number on the right in the third equation, the result will still be in Q+. We are also 
guaranteed by Property 3 that the product on the left in the third equation will 
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become the identity element 1 on the left in the fourth equation. Finally, we are 
guaranteed by Property 2 that the product on the left in the fourth equation will 
become the value on the left in the fifth equation. 
 
Abelian 
 
A group is Abelian if the binary operation on the set is commutative. For instance, 
the group of all even integers with the operation of addition is Abelian since a + b 
= b + a for all even integers a and b. The group of positive rational numbers with 
the operation of multiplication is also Abelian, since ab = ba for all positive 
rational numbers a and b. However, the group D4 that we looked at in Chapter 1 
is non-Abelian. 
 
More Examples of Groups 
 
The following definitions and symbols are of key importance:  
 

• Definitions: Group of Integers Modulo n, General Linear Group of 2 ´ 2 
Matrices, Special Linear Group of 2 ´ 2 Matrices. 

• Symbols: Q+, Zn, R*, U(n), Rn, Dn, and GL(2,F) and SL(2,F) where F = Q, 
R, C, or Zp for Prime p. 

 
This chapter includes a wide variety of examples of sets with operations that do 
and do not form groups. It is important that you not only read these examples but 
also study them. If an example includes a set with an operation that does form a 
group, could you prove this? And if an example includes a set with an operation 
that does not form a group, could you prove this? It would be to your benefit to try 
to determine whether each example is or is not a group before you read the 
commentary in your textbook, and then compare your ideas with those in your 
textbook. 
 
If a group contains a very small number of elements, such as the group in 
Example 3 on page 44 of your textbook, then the easiest way to show that each 
element in the set has an inverse in the set may be to construct a Cayley table 
for the group and list the inverse of each element explicitly. 
 
Elementary Properties of Groups 
 
A Note on Proofwriting 
 
When you are asked to prove whether a given property is true for all groups, it 
might be a good idea to start by looking at some examples. However, you cannot 
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use examples to prove that a given property is true for all groups. Even if you 
produce 500 examples of groups for which a given property is true, this would not 
prove that the property is true for all groups. You must work in general to prove 
that a given property is true for all groups. On the other hand, a single example 
can be used to prove that a given property is not true for all groups. To say that a 
given property is “not true for all groups” only means that there is at least one 
group for which the property fails, not that the property fails for all groups. 
 
A Note on the Proofs Given in your Textbook 
 
Three theorems are proved in this chapter. Theorems 2.1 and 2.3 on pages 50-
51 of your textbook both claim that something is unique (the identity in a group, 
and the inverse of an element in a group, respectively). For both of these 
theorems, the proof strategy is to assume that there are two things that satisfy 
the statement of the theorem, and then show that these two things must be 
identical. This is a very common strategy for proving that something is unique. 
 
Exponential Notation 
 
We will often use exponential notation when working with group elements.  
Consider a group G with identity element e whose binary operation is indicated 
by juxtaposition (i.e., writing the elements next to each other, as we commonly do 
with regular real number multiplication). We then define a0 = e for any element a 
in G. Integer exponents like 3 and –3 represent the following quantities in G: 
(Since the operation must be associative, there is no need for parentheses 
anywhere on the left of either equation.) 
 
 a3 = aaa 
 a-3 = a-1a-1a-1 
 
You should be able to see how to generalize these equations to show what any 
integer exponent would represent. Using these generalized rules, you should be 
able to convince yourself that the following familiar properties of exponents will 
hold for any element a in any group G and for any integer exponents x and y. 
(Non-integer exponents do not make sense on group elements.) 
 

axay = ax+y (x copies of a followed by y copies of a yields x + y copies of a) 
(ax)y = axy (x copies of a repeated y times yields xy copies of a) 

 
Some properties of exponents with which you are familiar for real numbers work 
only because the group of nonzero real numbers with the operation of 
multiplication is Abelian; such properties may not be true for all groups. For 
example, one such property is the following: For all a and b in R, it is true that 
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(ab)x = axbx. However, in an arbitrary group G, the quantity (ab)2 is the same as 
abab, which would equal a2b2 only if we could commute the b and the a in the 
middle of the formula. And of course we would only be guaranteed to be able to 
do this if G were Abelian! The moral of this story is to not assume that some 
property of exponents will hold for arbitrary groups. (On a related note, we will 
prove in our next example that if (ab)2 = a2b2 for all a and b in a group G, then G 
must be Abelian.) 
 
Another Example of a Proof about Groups 
 
Example: Suppose that (ab)2 = a2b2 for all a and b in a group G. Prove that G is 

Abelian. 
 
(As a side note, please make sure that you recognize that this 
example would be completely different if the statement above was the 
following: “Suppose that G is an Abelian group. Prove that (ab)2 = a2b2 
for all a and b in G.” Proving this statement would involve a series of 
equalities like (ab)2 = abab = aabb = a2b2. You might want to compare 
this with the proof below of the correct statement in this example.) 
 
Preparatory Work:   
 
• What are we allowed to assume? We can assume that for any 

elements a and b in G, it follows that (ab)2 = a2b2. (We will 
surely need to use this information somewhere in our proof. 
Otherwise, why would we have been given it?) 

• What are we supposed to show? We are supposed to show 
that G is Abelian. That is, we need to show that if x and y are 
any elements in G, then xy = yx. 

• How do we start? We should start by writing the information 
that we are allowed to assume. 

• What do we do next? This is the hardest part of most proofs.  
We need to show that if x and y are any elements in G, then xy 
= yx. Thus, after writing the information that we are allowed to 
assume, we should let x and y be elements in G. Then 
somehow we should be able to use the information that we are 
allowed to assume to arrive at the conclusion xy = yx. Let’s give 
it a try! 

 
Proof. Suppose that (ab)2 = a2b2 for all a and b in a group G. Then for 

any x and y in G, it will follow that (xy)2 = x2y2. Expanding the 
exponents on both sides of this equation yields xyxy = xxyy. 
Next, cancel an x from the far left of both sides of this 
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equation, and a y from the far right of both sides of this 
equation, both of which are allowed by Theorem 2.2 on page 
50 of your textbook. This yields the equation yx = xy. Thus, G 
is Abelian.  ! 

 
Multiplicative vs. Additive Notation 
 
Sometimes, instead of using juxtaposition to indicate the binary operation in a 
group, we will use a “+”. The “+” is frequently used for the operation in a group 
that is Abelian, since all real mathematical addition operations (for example, of 
numbers, functions, and matrices) are commutative. Table 2.2 on page 52 of 
your textbook gives translations between additive and multiplication notations for 
group operations. 


