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Chapter 3 Key Concepts 
 
Terminology and Notation 
 
The following definitions are of key importance: 
 

• Definitions:  Order of a Group, Order of an Element in a Group, Subgroup. 
 
Throughout this chapter, we will state our theorems and give our discussions 
using multiplicative notation for group operations. However, keep in mind that if 
the operation in a group is addition, then an means , and the 

identity element e is the zero element in the group. 
 
Order of an Element in a Group 
 
In order to show that an element a in a group has order n, you must show the 
following two things: 
 

• an = e. 
• n is the smallest positive integer for which an = e. 

 
For example, consider the group Z6 with the operation of addition modulo 6. We 
know that 34 = 3 + 3 + 3 + 3 = 0 mod 6 in this group. However, this does not 
mean that 3 has order 4 in Z6. Indeed, 3 has order 2 in Z6, since 32 = 3 + 3 = 0 
mod 6, and 2 is the smallest positive integer n for which 3n = n × 3 = 0 mod 6. 
 
Notice that the “order of a group G” is the number of elements in G, whereas the 
“order of an element a in a group G” is the smallest positive integer n for which 
an = e in G. In a finite group G it is always possible (although perhaps not 
practical) to find the order of an element a by constructing the sequence of group 
elements a, a2, a3, … and stopping the first time the identity occurs in this 
sequence. We will soon see that the elements in this sequence (beginning with a 
and continuing through the first time the identity occurs) by themselves form a 
group with the same operation as G. This group is called the cyclic subgroup of 
G generated by a, which we will discuss in detail later in this chapter. Thus, 
there is a connection between these two uses of the word “order” (the “order” of a 
group and the “order” of an element in a group). The connection is that the 
“order” of an element a in a group G is the same as the “order” of the cyclic 
subgroup of G generated by a. For now though we should be careful to keep 
these two ideas separate. 
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Subgroup 
 
A subgroup S of a group G is itself a group with, by definition, the same operation 
as G. We call S a “subgroup” of G to remind us that S is a “sub”set of G and a 
“group” by itself. We will see later in this chapter that the relationship between a 
subgroup and the entire group allows us to test whether a subset of a group is a 
subgroup more easily than if we had to check the subset for all four of the 
conditions that define a group. 
 
Subgroup Tests and Cyclic Subgroups 
 
The following definition and theorems are of key importance:  
 

• Definitions:  Cyclic Subgroup of G Generated By a.  
• Theorems:  One-Step Subgroup Test, Two-Step Subgroup Test, Finite 

Subgroup Test. 
 
While you should read the proofs of these theorems, it is more important that you 
be able to apply these theorems when writing your own proofs. As such, when 
studying these theorems, you should concentrate on the examples. 
 
Two-Step Subgroup Test 
 
In Chapter 1, when we were explaining that the dihedral group of order 8 was a 
group, we claimed that the operation of composition of motions was associative 
because the set of all possible motions was a subset of the set of all functions, 
and function composition is associative on the set of all functions. This reasoning 
applies to any group operation on any subset of the elements in a group. Thus, 
associativity never needs to be checked explicitly when verifying whether a 
subset of a group is a subgroup. 
 
Consider now a group G whose operation is indicated by juxtaposition (i.e., 
writing the elements next to each other). Let G¢ be a subset of G, and consider 
the set G¢ with the same operation as G. If we wanted to verify whether G¢ is a 
subgroup of G, since we would not need to check associativity in G¢, we would 
only need to check the following three group properties: 
 

1. G¢ is closed with respect to the operation in G. 
2. G¢ contains an identity. 
3. Each element in G¢ has an inverse in G¢. 

 
Suppose that we were somehow able to show both properties 1 and 3 above. 
Then the following statements would have to be true. 
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• If G¢ were nonempty, then there must be some element, say a, in G¢. 
• By property 3 above, since a is in G¢, then a-1 must also be in G¢. 
• By property 1 above, since a and a-1 are both in G¢, then aa-1 = e must 

also be in G¢ (where e is the identity element in G). Thus, property 2 above 
follows from properties 1 and 3 above. As such, property 2 above does not 
need to be checked explicitly if properties 1 and 3 above are verified. 

 
In summary, to verify whether G¢ is a subgroup of G, we only need to check 
that the following three things are true: 
 

• G¢ is nonempty. 
• G¢ is closed with respect to the operation in G. 
• Each element in G¢ has an inverse in G¢. 

 
Checking that these three things are true is known as the two-step subgroup 
test. (We call checking these “three” things the “two”-step subgroup test because 
checking that G¢ is nonempty is usually trivial, although necessary.) 
 
One-Step Subgroup Test 
 
Theorem: Suppose G is a group, and let G¢ be a subset of G for which the 

following two properties are true: 
 

1. G¢ is nonempty. 
2. For every a and b in G¢, it follows that ab-1 is in G¢. 

 
Then G¢ is a subgroup of G. 

 
You can find a proof of the one-step subgroup test on page 62 of your textbook. 
While the one-step subgroup test can sometimes be more succinct or elegant to 
apply, it can also be more confusing. Beginning students usually prefer the two-
step subgroup test to the one-step subgroup test, and it is fine to use either one. 
 
Finite Subgroup Test 
 
It turns out that if G¢ is a finite subgroup of G, then we can get by with even less 
work than the one-step subgroup test. 
 
Theorem: Suppose G is a group, and let G¢ be a finite subset of G for which the 

following two properties are true: 
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1. G¢ is nonempty. 
2. G¢ is closed with respect to the operation in G. 

 
Then G¢ is a subgroup of G. 

 
You can find a simple proof of this theorem on page 64 of your textbook. 
 
Proving that a Subset of a Group is not a Subgroup 
 
Recall that a subgroup of a group is a subset for which each of the four group 
properties holds. Thus, if any of the four group properties fail to hold for a 
particular subset, then the subset is not a subgroup. Since we’ve already 
discussed the fact that the associativity property cannot fail to hold for any subset 
of a group, to show that a particular subset of a group is not a subgroup, you 
would only need to do one of the following: 
 

• Show that the identity element in the group is not in the subset. 
• Find two elements in the subset whose “product” (or sum, or whatever the 

group operation may be) is not in the subset. 
• Find an element in the subset whose inverse is not in the subset. 

 
Depending on the group and the subset, you may be able to accomplish only one 
of the tasks listed above. But that would be okay; if any one of these properties 
fails to hold for a subset of a group, then the subset is not a subgroup. 
 
Cyclic Subgroup of G generated by a 
 
Suppose G is a group, and let a be an element of G. Then the subset 
 

áañ = {an such that n Î Z} 
 
of G is called the cyclic subgroup of G generated by a. You can find a proof of 
the fact that this subset of G is a subgroup at the top of page 65 of your textbook. 
If the cyclic subgroup of G generated by a is finite (as every cyclic subgroup of 
any finite group would have to be), then this cyclic subgroup will contain exactly 
the elements a, a2, a3, … , continuing through the first time that the identity 
occurs in this sequence. That is, if the cyclic subgroup generated by a is finite, 
then 
 

áañ = {a, a2, a3, … , an = e}, 
 
where n is the smallest positive integer for which an = e. You may not 
immediately see that all possible positive and negative integer powers of a are 
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included in this set, but a little further investigation should convince you. Consider 
the specific value of n above, and let k be any integer. By the Division Algorithm, 
we know that k = nq + r for some quotient q and remainder r with 0 £ r < n. But 
then, 
 

ak = anq+r = (an)qar = eqar = ar Î {a, a2, a3, … , an = e = a0}. 
 
For example, consider the group Z20 with the operation of addition modulo 20.  
To find á6ñ in this group, we form the following group elements: (Recall that 
because this group has an additive operation, then ak means , and 

the identity element is the number 0.) 
 
 62 = 6 + 6 = 12 mod 20. 
 63 = 6 + 6 + 6 = 18 mod 20. 
 64 = 6 + 6 + 6 + 6 = 4 mod 20. 
 65 = 6 + 6 + 6 + 6 + 6 = 10 mod 20. 
 66 = 6 + 6 + 6 + 6 + 6 + 6 = 16 mod 20. 
 67 = 6 + 6 + 6 + 6 + 6 + 6 + 6 = 2 mod 20. 
 68 = 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 = 8 mod 20. 
 69 = 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 = 14 mod 20. 
 610 = 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 + 6 = 0 mod 20. 
  
Thus, á6ñ = {6, 12, 18, 4, 10, 16, 2, 8, 14, 0}. 
 
More Examples of Subgroups 
 
The following definitions and theorems are of key importance:  
 

• Definitions:  Center of a Group, Centralizer of a in G. 
• Theorems:  Center Is a Subgroup, C(a) Is a Subgroup. 

 
You should read the proofs of both of these theorems, and make sure that you 
could construct the proofs of both of these theorems if you were asked to do so. 
Proving these theorems provides excellent practice in using the subgroup tests 
that you learned earlier in this chapter. 
 
Center of a Group 
 
The center of a group G is denoted Z(G), and an element a of G is in Z(G) if a 
commutes with each of the elements in G. 
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Centralizer of a in G 
 
Let a be a specific element in a group G. The centralizer of a is denoted C(a), 
and an element b of G is in C(a) if b commutes with a. Thus, for an element b to 
be in the centralizer of a group element a, the element b must commute only 
with a. As such, any element that is in the center of a group will also be in the 
centralizer of every element in the group. 


