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Chapter 4 Key Concepts 
 
Properties of Cyclic Groups 
 
The following definitions and theorems are of key importance:  
 

• Definitions:  Cyclic Group, Generator. 
• Theorems: |a| = |áañ|, ak = e Implies that |a| Divides k, Generators of Cyclic 

Groups. 
 
Cyclic Group 
 
Let a be an element in an infinite group. If a is of infinite order, then 
 

áañ = { … , a-2, a-1, a0, a1, a2, … }. 
 
Each distinct power of a in this set is a distinct element in the group áañ. To show 
that this is true, we will suppose it is false and try to obtain a contradiction. So for 
the sake of contradiction, suppose that a is an element of infinite order in a 
group, and that ai = aj for some integers i > j. Then it would be true that ai-j = e. 
Since i > j, then i - j would be a positive integer. But this means that we would 
have found a positive integer (i - j) such that a raised to this power is the identity. 
Thus, a must be of finite order, contradicting the assumption that a is of infinite 
order. 
 
Now, let a be an element in a finite group. In Chapter 3 we noted that if a is an 
element of finite order n in a group, then 
 

áañ = {a, a2, a3, … , an = e = a0}, 
 
where n is the smallest positive integer for which an = e. Again we claim that each 
distinct power of a in this set is a distinct element in the group áañ. To see this, 
suppose for the sake of contradiction that a is an element of finite order n in a 
group, and that ai = aj for integers i and j with 0 £ j < i < n. Then it would be true 
that ai-j = e. But this means that we would have found a positive integer (i - j) 
smaller than n such that a raised to this power is the identity. Thus, a must be of 
finite order less than n, contradicting the assumption that a is of finite order n. 
 
The discussion in the preceding two paragraphs leads to the following 
relationship between the order of a group and the order of an element in the 
group, which is presented as Corollary 1 on page 77 of your textbook. (We 
discussed this relationship in Chapter 3, but did not prove it then.) 
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Relationship between the order of a group and the order of an element in 
the group:  Let a be an element in a group G. Then the order of a is equal to the 
order of the cyclic subgroup of G generated by a. Symbolically, |a| = |áañ|. 
 
The arguments we presented above are included as part of the proof of Theorem 
4.1 on pages 76-77 of your textbook. Also presented in this proof is an argument 
that if a is of finite order n, then ai = aj if and only if i mod n = j mod n. This 
part of the proof uses the Division Algorithm. 
 
The relationship that is noted in bold in the preceding paragraph leads to the 
following useful corollary, which is presented as Corollary 2 on page 77 of your 
textbook. 
 
Corollary: Let a be an element of order n in a group. If ak = e, then n divides k. 
 
Generator 
 
Conjecture 1: For the group Zn with the operation of addition modulo n, an 

element a will be a generator if and only if a and n are relatively 
prime.  

 
This conjecture is true, and is presented as Corollary 4 on page 80 of your 
textbook. How might we reword this conjecture so that it could be stated more 
generally to apply to all finite cyclic groups? Well, what do all cyclic groups have 
in common? One thing that they all have in common is that they have at least 
one generator. The easiest generator to identify for Zn is the number 1. Notice 
that for any element x in Zn, it will follow that . Thus, we can 

at least reword Conjecture 1 (still applying only to Zn) as follows: 
 
Rewording of Conjecture 1: The element 1x will be a generator of Zn = á1ñ if 

and only if x and n are relatively prime. 
 
The advantage to rewording Conjecture 1 in this manner is that we can 
generalize the conjecture as follows to apply to all finite cyclic groups. 
 
Generalization of Conjecture 1: For the group G = áañ of order n, an element ax 

will be a generator if and only if x and n are 
relatively prime. 

 
This conjecture is true, and is presented as Corollary 3 on page 80 of your 
textbook. The fact that this conjecture is true gives us a method for finding all 
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generators of a finite cyclic group if we are given only one generator of the group. 
To find all generators of a finite cyclic group G = áañ of order n, we must simply 
take the one generator a that we know, and form ax for all integers x that are 
relatively prime with n. At first glance it might seem daunting to find ax for all 
integers x that are relatively prime with n. But recall that every non-identity 
element of G can be written as ak for some integer k between 1 and n - 1. 
Therefore, the generators of G will be ax for all integers x between 1 and      
n - 1 that are relatively prime with n. 
 
Example: Show that U(10) is cyclic and find all generators of U(10). 

 
Solution: Recall that U(10) = {1,3,7,9} with the operation of multiplication 

modulo 10. Since we have no obvious candidate for a generator for 
U(10), we must check individual elements of U(10) until we find one. 
First checking the element 1, we find that á1ñ = {1}, so 1 is not a 
generator of U(10). Next checking the element 3, we find that          
á3ñ = {3,9,7,1}. Thus, 3 is a generator of U(10), and we have shown 
that U(10) is cyclic. To find the rest of the generators of U(10), we will 
use the fact that our Generalization of Conjecture 1 above is true. 
(We could also just continue to find áxñ for the rest of the elements x 
in U(10) to see which of them are generators. But for illustration we 
will choose to use the fact that our Generalization of Conjecture 1 
above is true, since this would be much easier if the group in this 
example was very large.) We have already found one generator, 3, 
and we know that the order of U(10) is 4. The only integers between 
1 and 3 that are relatively prime with 4 are 1 and 3. Thus, the 
generators of U(10) are the one generator that we know raised to 
these two powers. That is, the generators of U(10) are 31 = 3 and    
33 = 7. 

 
Classification of Subgroups of Cyclic Groups 
 
The following theorems are of key importance:  
 

• Theorems: Fundamental Theorem of Cyclic Groups, Subgroups of Zn, 
Number of Elements of Each Order in a Cyclic Group. 

 
Conjecture 2: For each positive divisor k of n, the group Zn with the operation of 

addition modulo n has exactly one cyclic subgroup of order k, 
and  is one generator of this cyclic subgroup. 

 
This conjecture is true, and is presented as part of the Corollary on page 82 of 
your textbook. As it is presented in your textbook, this corollary is made a bit 
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stronger than the conjecture above by including the fact that the subgroups 
identified in the corollary are the only subgroups of Zn. This is true because of 
the first sentence in the Fundamental Theorem of Cyclic Groups. 
 
Fundamental Theorem of Cyclic Groups (Part 1): Every subgroup of a cyclic 

group is cyclic. 
 
You can find a proof of this part of the Fundamental Theorem of Cyclic Groups in 
the first paragraph of the proof on page 81 of your textbook. Notice that this part 
of this proof uses the Division Algorithm. Using the notation in the proof, to show 
that m divides t, t is expressed as t = mq + r, and it is shown that r = 0. 
 
Just as we did with Conjecture 1, we will now try to reword Conjecture 2 so that it 
could be stated more generally to apply to all finite cyclic groups. First, note that 
we can at least reword Conjecture 2 (still applying only to Zn) as follows: 
 
Rewording of Conjecture 2: For each positive divisor k of n, the group Zn has 

exactly one cyclic subgroup of order k, which is 
generated by . 

 
The advantage to rewording Conjecture 2 in this manner is that we can 
generalize the conjecture as follows to apply to all finite cyclic groups.  
 
Generalization of Conjecture 2: Let G be a cyclic group of order n with 

generator a. Then for each positive divisor k of 
n, G has exactly one cyclic subgroup of order 
k, which is generated by . 

 
This conjecture is true, and is presented as the second sentence in the 
Fundamental Theorem of Cyclic Groups. 
 
Checking your Understanding 
 
To check your understanding of some of the theorems and corollaries that are 
presented in this lesson, you should read Theorem 4.4 on page 83 of your 
textbook. At this point you should be able to construct the proof of this theorem 
without reading the proof that is provided in your textbook. (Recall that the 
symbol f(d) in the statement of this theorem represents the number of positive 
integers that are less than and relatively prime with d.) 
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