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Chapter 5 Key Concepts 
 
Definition and Notation, Cycle Notation 
 
The following definitions are of key importance:  
 

• Definitions: Permutation, Permutation Group, Symmetric Group Sn, Array 
Form of a Permutation, Cycle Notation. 

 
On pages 93-96 of your textbook, the language of permutation groups is 
introduced. You should read the examples on these pages with a pencil and 
paper in hand, making sure to verify that you understand the operations done in 
the examples and that the examples are correct. When you have finished reading 
these pages you should feel comfortable with array notation for representing 
permutations and with composition of permutations expressed using array 
notation. 
 
On pages 96-98 of your textbook, cycle notation for representing permutations is 
introduced. You will see later in this chapter that we can determine some 
properties of permutations much more easily if we first express the permutations 
using cycle notation. When you have finished reading these pages you should 
feel comfortable with cycle notation for representing permutations and with 
composition of permutations expressed using cycle notation. Also, you can find a 
nice discussion of composition of permutations expressed using cycle notation in 
the long paragraph that starts as the last two lines of page 96 of your textbook. 
 
The following is an additional example that emphasizes some of the concepts 
that you should have learned in the textbook reading for this lesson. 
 
Example: Consider the following pair of permutations in the symmetric group 

S6: 
 

a = , 

 
b = (132)(45). 

 
a) Find ba and express your answer using array notation. 
b) Find ab and express your answer using cycle notation. 
c) Does ab = ba? 
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Solution:   a) Recall that ba represents the permutation a followed by b. 
Because we want to express our answer using array notation, we 
should keep track of each possible input into ba separately. 
 

1:  a maps 1 to 2, and then b maps 2 back to 1. 
2:  a maps 2 to 5, and then b maps 5 to 4. 
3:  a maps 3 to 4, and then b maps 4 to 5. 
4:  a maps 4 to 6, and then b maps 6 to itself. 
5:  a maps 5 to 1, and then b maps 1 to 3. 
6:  a maps 6 to 3, and then b maps 3 to 2. 

 

Thus, ba = . 

 
b) Recall that ab represents the permutation b followed by a. 

Because we want to express our answer using cycle notation, we 
will begin by applying ab to the starting digit of 1. We will then 
take the resulting output as our next input, continuing in this 
manner until we arrive back at our original starting digit.  
 

1:  b maps 1 to 3, and then a maps 3 to 4. 
4:  b maps 4 to 5, and then a maps 5 to 1. 

 
Since we have arrived back at our original starting digit of 1, we 
can conclude that ab expressed using cycle notation includes the 
cycle (14). Now, since we have not yet used all of the digits 1-6, 
we should continue by applying ab to a new starting digit other 
than 1 or 4. The smallest possible starting digit other than 1 or 4 is 
2, and so we will proceed with this as our new starting digit. 
  

2:  b maps 2 to 1, and then a maps 1 back to 2. 
 
Since we have arrived back at our second starting digit of 2, we 
can conclude that ab expressed using cycle notation includes the 
cycle (2). (Recall that 1-cycles are not usually included in the 
representation of a permutation using cycle notation.) Since we 
have still not yet used all of the digits 1-6, we should continue by 
applying ab to a new starting digit other than 1, 2, or 4. The 
smallest possible starting digit other than 1, 2, or 4 is 3, and so we 
will proceed with this as our new starting digit.  
 

3:  b maps 3 to 2, and then a maps 2 to 5. 
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5:  b maps 5 to 4, and then a maps 4 to 6. 
6:  b maps 6 to itself, and then a maps 6 to 3. 

 
Since we have arrived back at our third starting digit of 3, we can 
conclude that ab expressed using cycle notation includes the 
cycle (356). Since we have now used all of the digits 1-6, we are 
ready to conclude that ab = (14)(356). 
 

c) Certainly ab ¹ ba, since ab fixes 2 while ba maps 2 to 4. This 
also confirms that S6 is non-Abelian. 

 
Properties of Permutations 
 
The following definitions and theorems are of key importance:  
 

• Definitions:  Even and Odd Permutations, Alternating Group of Degree n. 
• Theorems: Products of Disjoint Cycles, Disjoint Cycles Commute, Order 

of a Permutation, Product of 2-Cycles, the Lemma on page 
103 of your textbook, Always Even or Always Odd, Even 
Permutations Form a Group, Theorem 5.7 on page 104 of 
your textbook. 

 
Basic Properties of Permutations 
 
Below we include short discussions that should provide some insight into the 
proofs of Theorems 5.1 through 5.3 on pages 98-100 of your textbook. If you are 
having trouble understanding the proofs of these theorems, you should read 
these discussions and then think about the theorems some more. The proofs are 
just generalizations of these discussions.  
 
Theorem 5.1 on page 98 of your textbook: 
 
Look at the long paragraph that starts as the last two lines of page 96 of your 
textbook. In this paragraph the permutations a = (13)(27)(456)(8) and b = 
(1237)(648)(5) are composed. To do this, it is noted that while we could simply 
write ab = (13)(27)(456)(8)(1237)(648)(5), we can give a more “desirable” 
expression for ab as a product of disjoint cycles. The proof of Theorem 5.1 on 
page 98 of your textbook is just a generalization of the discussion that follows in 
this paragraph.  
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Theorem 5.2 on page 99 of your textbook: 
 
Consider the permutations a = (12) and b = (45) in S5. Recall that a and b are 
functions with domain {1,2,3,4,5}. Note that both a and b leave 3 fixed, and thus 
ab(3) = ba(3) = 3. In addition, note that a also leaves 4 and 5 fixed, and thus 
ba(x) = b(x) for x = 4 and x = 5. Also, if x is in the set {4,5}, then so is b(x). Since 
a acts as the identity on the set {4,5}, then for x = 4 and x = 5 it follows that ab(x) 
= a(b(x)) = b(x). Thus, for x = 4 and x = 5, it will be true that ab(x) = ba(x). Finally, 
note that b also leaves 1 and 2 fixed, and thus ab(x) = a(x) for x = 1 and x = 2. 
Also, if x is in the set {1,2}, then so is a(x). Since b acts as the identity on the set 
{1,2}, then for x = 1 and x = 2 it follows that ba(x) = b(a(x)) = a(x). Thus, for x = 1 
and x = 2, it will be true that ab(x) = ba(x). 
 
In the preceding paragraph, we showed that for all x in the domain of a and b, it 
follows that ab(x) = ba(x). Therefore, ab = ba, and these specific disjoint cycles 
commute. The proof of Theorem 5.2 on page 99 of your textbook is just a 
generalization of the discussion in the preceding paragraph. 
  
Theorem 5.3 on page 100 of your textbook: 
 
Do Exercise 4 on page 112 of your textbook at this time. In this exercise, you are 
asked to find the order of four different permutations, each of which is expressed 
as a single cycle. Can you use your answers to this exercise to predict what the 
order of any permutation that can be expressed as a single cycle will be? Do you 
have any ideas about why your conjecture might be true for all permutations that 
can be expressed as a single cycle? 
 
Now let’s think about finding the order of the permutation (13)(2458)(679). We 
are looking for the smallest positive integer n such that ((13)(2458)(679))n = e, 
where e represents the identity permutation. Since disjoint cycles commute, we 
know that ((13)(2458)(679))n = (13)n(2458)n(679)n for all positive integers n. Thus, 
the order for which we are searching is the smallest positive integer n such that 
(13)n(2458)n(679)n = e. Furthermore, since (13), (2458), and (679) are disjoint, no 
positive power of any of these three cycles could be the inverse of any positive 
power of either of the other two. Thus, the order of (13)(2458)(679) will be the 
smallest positive integer n such that (13)n = e, (2458)n = e, and (679)n = e 
simultaneously. We know that the positive integers n for which (13)n = e are all 
positive multiples of 2, the positive integers n for which (2458)n = e are all positive 
multiples of 4, and the positive integers n for which (679)n = e are all positive 
multiples of 3. Thus, the smallest positive integer n such that (13)n = e,       
(2458)n = e, and (679)n = e simultaneously is the least common multiple of 2, 4, 
and 3. 
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Even and Odd Permutations 
 
The Lemma on page 103 of your textbook: 
 
Recall that a lemma is a technical result that will be used later in the proof of a 
more general theorem. This lemma is used to prove Theorem 5.5 on page 103 of 
your textbook, which basically states that either every possible way to express a 
given permutation as a product of 2-cycles results in an even number of 2-cycles 
(in which case we call the permutation even) or every possible way to express a 
given permutation as a product of 2-cycles results in an odd number of 2-cycles 
(in which case we call the permutation odd). The Lemma on page 103 of your 
textbook is actually a special case of this theorem, with the special case being 
that the given permutation is assumed to be the identity e, and it is proved in the 
lemma that e is even. In this proof, it is assumed that e is expressed as the 
product b1b2×××br, where the b’s are 2-cycles, and then shown by induction that r 
must be even. If you get bogged down in the details of the proof of this lemma, at 
least make sure that the statement of the lemma is clear to you. However, you 
really should try to understand the proof of this lemma, as it involves a clever use 
of mathematical induction, and provides good practice in manipulating 2-cycles. 
 
Theorem 5.5 on page 103 of your textbook: 
 
Even if you got bogged down in the details of the proof of the lemma that 
precedes this theorem, you should be able to understand the easy proof that is 
provided in your textbook of the theorem itself. The lemma is only necessary to 
guarantee that any expression of the identity permutation as a product of 2-
cycles will contain an even number of 2-cycles. 
 
Theorem 5.6 on page 104 of your textbook: 
 
Since Sn is finite, the set of all even permutations in Sn must also be finite. Thus, 
you can use the finite subgroup test (Theorem 3.3 on page 64 of your textbook) 
to prove this theorem. If you are really having trouble constructing this proof, you 
might want to take a look at the answer in the back of your textbook to Exercise 
17 on page 113. 
 
Some Additional Real-Life Examples 
 
This chapter includes several real-life applications of permutations that are both 
fascinating and accessible. These include an application in chemistry (Example 
10 and the following discussion on pages 105-106), a method for encryption 
(Example 11 on pages 106-108), and a check digit scheme used by the German 
government from 1990-2002 to add a check digit to serial numbers of banknotes. 


