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Chapter 6 Key Concepts 
 
Definition and Examples of Isomorphisms 
 
The following definition and theorem are of key importance:  
 

• Definition:  Group Isomorphism. 
• Theorem:  Cayley’s Theorem. 

 
Let’s start with a little review of what we considered in Chapter 9. Let C8 be the 
cyclic group of order 8 with generator a. That is, C8 = {e, a, a2, … , a7}. Also, let H 
be the cyclic subgroup of C8 with generator a4. That is, H = {e,a4}. Then the factor 
group C8/H consists of the following four cosets: H = {e,a4}, aH = {a,a5},           
a2H = {a2,a6}, and a3H = {a3,a7}. The following figure shows a Cayley table for C8 
in which the elements that appear in the same coset of H in C8 are grouped 
together in the row and column labels. In addition, in this Cayley table each coset 
is assigned a color in the row and column labels as well as inside the table – the 
elements in H are colored blue, the elements in aH are colored red, the elements 
in a2H are colored yellow, and the elements in a3H are colored fuchsia. 
 

 
 
Now we can easily see how to create the following Cayley table for C8/H: 
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Now, let C4 be the cyclic group of order 4 with generator a. That is,                    
C4 = {e, a, a2, a3}. The following figure shows a Cayley table for C4 in which the 
elements are colored in the row and column labels as well as inside the table, 
with e colored blue, a colored red, a2 colored yellow, and a3 colored fuchsia. 
 

 
 
Do you notice something remarkable in the Cayley tables for C8/H and C4 above? 
These two Cayley tables are basically identical. In fact, if we removed the names 
of the elements from these tables, leaving only the colors behind, the tables 
would be identical. Since these two Cayley tables describe the structures of their 
respective groups, you might interpret this as meaning that the groups C8/H and 
C4 have the same structure, or in other words that C8/H and C4 are really just two 
different names for the same object. And you would be exactly right! The correct 
mathematical terminology for describing this is to say that C8/H and C4 are 
isomorphic. You can find an equivalent definition of this idea on page 121 of 
your textbook. On the surface this definition actually does not appear to be 
equivalent, but we can use our Cayley tables for C8/H and C4 above to help us 
see why the requirements in this definition are exactly the correct ones. 
 
Step 1: Using the notation in the definition on page 121 of your textbook, we 

must first define a function from G to . This just means that we must 
define a way to associate each element in G with an element in . In 
the Cayley tables for C8/H and C4 above the colors do this for us. In 
other examples, if we define or propose a function that associates 
elements in G with elements in , but it is not clear that no element in 
G would be associated with more than one element in , we would 
need to prove that this is true. This is called proving that our function is 
well-defined (i.e., that our function really is a function), and is usually 
necessary when elements in G can be represented in multiple ways. 

 
Steps 2 and 3: We must next show that the function we have defined in Step 1 

is both one-to-one and onto. This means that the function must 
never associate two different elements in G with the same 
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element in  (i.e., that the function must be one-to-one), and 
that no element in  can be left unassociated with an element 
in G (i.e., that the function must be onto). Again, in the Cayley 
tables for C8/H and C4 above the colors do this for us. For 
example, the color blue associates the left coset H in C8/H with 
the element e in C4. We can see that this function is one-to-one 
because each colored element in C8/H is associated with 
exactly one element in C4 (the element with the same color). We 
can also see that this function is onto because there aren’t any 
colors in the Cayley table for C4 that are not in the Cayley table 
for C8/H. 

 
Step 4: We must lastly show that the function we have defined in Step 1 

preserves the group operation. This just means that, if we name our 
function f, we must show f(ab) = f(a)f(b) for all elements a and b in G, 
or in other words that we must show combining two elements in G and 
then applying f to the result yields the same outcome as applying f to 
the two elements and then combining the results in . You should be 
able to convince yourself that our Cayley tables for C8/H and C4 above 
do this for us once again. 

 
In the following example we’ll give a detailed review of Example 1 on page 122 of 
your textbook to show an example that doesn’t rely on pictures. 
 
Example: Let G be the group of real numbers under addition and let  be the 

group of positive real numbers under multiplication. Show that G and 
 are isomorphic. 

 
Step 1: Define a function f from G to . Recall that exponential 

functions have domains consisting of all real numbers and 
ranges consisting of only the positive real numbers. Thus, 
an exponential function might be a good choice. In Example 
1 on page 122 of your textbook, the exponential function 
f(x) = 2x is used. 

 
Step 2: Show that f is one-to-one. Suppose f(a) = f(b). Then     

2a = 2b, and so log2(2a) = log2(2b), and thus a = b. Therefore, 
f is one-to-one. (If showing that a function is one-to-one is a 
little rusty for you, see Chapter 0.) 
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Step 3: Show that f is onto. Let y be an element of . Then         
x = log2(y) is in G, and . Therefore, f is 
onto. (If showing that a function is onto is a little rusty for 
you, see Chapter 0.) 

 
Step 4: Show that f preserves the group operation. Let a and b 

be in G. Then f(a + b) = 2a+b = 2a2b = f(a)f(b). Therefore, f 
preserves the group operation. (Notice that the operation on 
the left in this string of equalities is addition since the 
operation in G is addition, but that the operation on the left 
in this string of equalities is multiplication since the 
operation in  is multiplication.) 

 
Cayley’s Theorem 
 
Cayley’s Theorem states that every group is isomorphic to a group of 
permutations. This shows us why permutation groups were so important for us to 
study. If you can understand permutation groups, you can understand all groups. 
 
Properties of Isomorphisms 
 
The following definitions and theorems are of key importance:  
 

• Definitions:   Automorphism, Inner Automorphism Induced by a. 
• Theorems:   Properties of Isomorphisms Acting on Elements, Properties of 

Isomorphisms Acting on Groups. 
 
As we discussed above, two groups that are isomorphic are really the same 
group in the sense that every group property of one is also held by the other. 
Theorems 6.2 and 6.3 on pages 126-127 of your textbook present some of the 
more important of these properties. You should read both of these theorems 
carefully, and make sure you not only understand each of these properties, but 
you could also provide a proof of them. You will be asked to provide a proof of 
some of these properties in the textbook exercises assignment for this lesson. 
 
Automorphism 
 
An automorphism is simply an isomorphism from a group G to itself. Examples 
11 and 12 on page 128 of your textbook give good examples of automorphisms. 
For a specific element a in a group G, the function fa(x) = axa-1 for all x in G is an 
automorphism of G called an inner automorphism. Example 13 on pages 128-
129 of your textbook gives a good example of an inner automorphism. 

 G

  φ(x) = 2log2 (y ) = y

 G


