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Chapter 7 Key Concepts 
 
Properties of Cosets 
 
The following definitions and theorem are of key importance:  
 

• Definitions:  Coset of H in G, Left Coset of H in G, Right Coset of H in G. 
• Theorem:  Properties of Cosets. 

 
Left and Right Cosets 
 
To understand the material here and in Chapter 9, you will need to be very 
comfortable constructing left and right cosets. As such, you should make sure to 
read and completely understand each of the first three examples in this chapter. 
 
Properties of Cosets 
 
While each of the properties in the Lemma on page 139 of your textbook are 
important, pay special attention to the fifth and seventh properties. We will use 
these two properties later in this chapter to prove Lagrange’s Theorem, one of 
the most important results in all of group theory. The eighth property in this 
lemma will be especially important in Chapter 9 as well. 
 
A closer look at the proof of the fifth property: 
 
The fifth property in the Lemma on page 139 of your textbook states that if H is a 
subgroup of a group G, and a and b are elements in G, then the cosets aH and 
bH either are identical (aH = bH) or have no elements in common (aH Ç bH = Æ). 
 
To verify this property, we will use a common technique for proving an if-then 
statement with an either-or conclusion. This technique is to assume that one of 
the two conclusions is false and show that the other one must then be true. 
 
Proof. Suppose H is a subgroup of a group G, and let a and b be elements in G 

for which aH Ç bH ¹ Æ. We must show that aH = bH. Since aH Ç bH ¹ Æ, 
then there exists some element, say x, that is in both aH and bH. 
Because x is in aH, we know that there exists some h1 in H such that       
x = ah1. Also, because x is in bH, we know that there exists some h2 in H 
such that x = bh2. But then ah1 = x = bh2, and so a = bh2h1-1. 
 
Now we need to show that aH = bH. To do this, we will show that each of 
these two cosets is a subset of the other. Let y be an element of aH. 
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Then y = ah3 for some h3 in H. Substituting a = bh2h1-1 then yields             
y = bh2h1-1h3. Since H is a subgroup it must be closed, and thus h2h1-1h3 
is in H. As a result, y must be an element of bH, and we know that        
aH Í bH. 
 
An argument similar to the one above can be used to show that bH Í aH. 
Therefore aH = bH, and the property is verified.   

 
Take special note also of the fact regarding cosets that when we say aH = bH, 
this does not mean that ah = bh for all h in H. Instead, what it means is that there 
must exist elements h1 and h2 in H such that ah1 = bh2. A careful look at the first 
example in this chapter should clarify this point. 
 
Lagrange’s Theorem and Consequences 
 
The following theorems are of key importance:  
 

• Theorems: Lagrange’s Theorem, |G:H| = |G|/|H|, |a| Divides |G|, Groups of 
Prime Order Are Cyclic, a|G| = e. 

 
Lagrange’s Theorem 
 
Lagrange’s Theorem states that for any subgroup of a finite group, the order of 
the subgroup must divide the order of the group. Let’s look at an expanded proof 
of this theorem. 
 
Proof. Let H be a subgroup of a finite group G, and consider all of the distinct 

left cosets of H in G. Denote these cosets by a1H, a2H, … , akH. Let      
W = a1H È a2H È ××× È akH, and we will first show that G = W. Note that 
certainly W Í G since each ai is in G and H Í G. Now let x be in G. 
Since H is a subgroup of G, we know that e is in H, and thus x is in xH.  
Then by the fifth property in the Lemma on page 139 of your textbook we 
know that xH = aiH for some i between 1 and k. Thus x is in W, and so  
G Í W. We can conclude now that G = W. 
 
By the fifth property in the Lemma on page 139 of your textbook we 
know that the distinct left cosets of H in G are pairwise disjoint, and by 
the fifth property in this same lemma we know that each of these cosets 
contains the same number of elements. Since eH = H is one of these 
cosets, it follows that each of the distinct left cosets of H in G contains 
the same number of elements as H. Thus,  
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. 

 
Since |G| = k×|H|, then we know that the order of H must divide the order 
of G.   

 
Before knowing Lagrange’s Theorem, if you were asked to list the possible 
orders of the subgroups in a (not necessarily cyclic) group of order 20, you would 
have had to respond with the entire list of numbers from 1 through 20. But by 
knowing Lagrange’s Theorem, you can narrow this list considerably, since you 
now know that in a group of order 20, subgroups can only have orders 1, 2, 4, 5, 
10, or 20 (the positive divisors of 20). 
 
You should make sure that you understand each of the first four corollaries to 
Lagrange’s Theorem that are given in your textbook. Pay special attention to the 
third corollary, as it shows a powerful yet simple application of Lagrange’s 
Theorem. Here’s another application of Lagrange’s Theorem, which you might 
want to compare with Exercise 17 on page 151 of your textbook. 
 
Theorem: Suppose |G| = pq, where p and q are primes with p < q. If G has only 

one subgroup of order p and only one subgroup of order q, then G 
must be cyclic. 
 

Proof. Let H be the subgroup of G of order p, and let K be the subgroup of G of 
order q. Since H contains p elements and K contains q elements and 
they both contain the identity, considering only H and K we have 
accounted for at most p + q - 1 elements in G. But note that                   
p + q - 1 < q + q - 1 < 2q £ pq, and thus there must exist at least one 
element in G that is not in H and not in K. 
 
Let x be an element in G that is not in H and not in K. Then by 
Lagrange’s Theorem we know that |áxñ| must equal p, q, or pq. But |áxñ| 
cannot equal p, because H is the only subgroup of G that has order p 
and x is not in H. Similarly, |áxñ| cannot equal q. Thus, |áxñ| must equal 
pq, and G is cyclic with generator x.   

 
Some Additional Real-Life Examples 
 
This chapter includes a couple of real-life applications that are both fascinating 
and accessible, involving the rotation groups of a cube (Theorem 7.5 on page 
148) and a soccer ball (Example 10 on pages 148–149). Following the example 
involving the rotation group of a soccer ball, a Nobel Prize winning application of 
this example in the area of chemistry is presented. 

   
|G | = | a1H | + | a2H | ++ | akH | = | H | + | H | ++ | H |

k  terms
   = k⋅ | H |


