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Chapter 9 Key Concepts 
 
Normal Subgroups 
 
The following definition and theorem are of key importance:  
 

• Definition:  Normal Subgroup. 
• Theorem:  Normal Subgroup Test. 

 
Normal Subgroup 
 
Example 1: In this example, we will look more closely at part of the discussion 

in Example 9 on page 176 of your textbook. Consider the 
alternating group A4, for which you will find a Cayley table on page 
105 of your textbook with the elements labeled as a1, a2, … , a12. 
Note that the subset H = {a1, a2, a3, a4} is a subgroup of A4. To see 
if H is normal in A4, we will begin by making a complete list of all of 
the distinct left cosets of H in A4. These cosets are as follows: 
 
        a1H = {a1, a2, a3, a4}, 
        a5H = {a5, a8, a6, a7}, 
        a9H = {a9, a11, a12, a10}. 
 
Next, we will make a complete list of all of the distinct right cosets 
of H in A4. These cosets are as follows: 
 
        Ha1 = {a1, a2, a3, a4}, 
        Ha5 = {a5, a6, a7, a8}, 
        Ha9 = {a9, a10, a11, a12}. 
 
Since each of the above left and right cosets that have the same 
coset representatives are identical, we can conclude that aH = Ha 
for all a in A4. Thus, H is normal in A4. 

 
You may wonder how we could make the final conclusion in the above example, 
since, for instance, we never checked that a3H = Ha3. However, based on some 
of the properties of cosets that were presented in Chapter 7, we really only 
needed to check that aH = Ha for the coset representatives a from our complete 
list of all of the distinct left cosets of H in A4. And this is true in general. To check 
whether a subgroup H is normal in a group G, we would only need to check that 
aH = Ha for the coset representatives a in a complete list of all of the distinct left 
(or right) cosets of H in G. 
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We would also like to use the above example to point out a common 
misconception about normality. If H is a normal subgroup of a group G, we 
cannot conclude that xh = hx for all h in H and x in G. For instance, in the above 
example we showed that a5H = Ha5. However, a3 is an element of H, and      
a5a3 = a6 ¹ a7 = a3a5. Stating that a5H = Ha5 in the above example just means 
that for any element y in H, there must be an element z in H (possibly different 
from y) such that a5y = za5. It just so happens that for the element a3 in H, it’s the 
element a2 in H that satisfies a5a3 = a2a5. 
 
Example 2:  In this example, we will look more closely at another part of the 

discussion in Example 9 on page 176 of your textbook. Consider 
again the alternating group A4, and note that the subset K = {a1, a5, 
a9} is a subgroup of A4. To see if K is normal in A4, we will begin by 
making a complete list of all of the distinct left cosets of K in A4. 
These cosets are as follows: 
 
        a1K = {a1, a5, a9}, 
        a2K = {a2, a6, a10}, 
        a3K = {a3, a7, a11}, 
        a4K = {a4, a8, a12}. 
 
Next, we will start listing the right cosets of K in A4 for each of the 
coset representatives that we used above: 
 
        Ka1 = {a1, a5, a9}, 
        Ka2 = {a2, a8, a11}. 
 
Since a2K ¹ Ka2, we can conclude that K is not normal in A4. 

 
Normal Subgroup Test 
 
Checking normality as we did in Examples 1 and 2 above can be very tedious for 
large groups and even impossible for some infinite groups. Luckily the normal 
subgroup test can sometimes provide us with an easier method for checking 
normality in these cases. 
 
Example 3: In this example, we will look at the discussion in Example 8 on 

page 176 of your textbook. Recall that SL(2,R) is the group of 2 ´ 2 
matrices over the reals that have determinant 1 with the operation 
of matrix multiplication. Recall also that GL(2,R) is the group of 2 ´ 
2 matrices over the reals that have nonzero determinant with the 
same operation. We will now apply the normal subgroup test to 
show that SL(2,R) is a normal subgroup of GL(2,R). 
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We begin with a little background information about determinants. 
Recall that if X and Y are any pair of square matrices of the same 
size, then det XY = (det X)(det Y). Recall also that if det X is 

nonzero, then . 

 
Now to use the normal subgroup test to show that SL(2,R) is a 
normal subgroup of GL(2,R), we need to show that        
X(SL(2,R))X –1 Í SL(2,R) for all X in GL(2,R). To show this, let Y be 
an element of X(SL(2,R))X –1. Then Y = XAX –1 for some A in 
SL(2,R). Since A is in SL(2,R) we know that det A = 1. But then  
 

. 

 
Thus det Y = 1, and Y is an element of SL(2,R). Therefore 
X(SL(2,R))X –1 Í SL(2,R) for all X in GL(2,R), and by the normal 
subgroup text we know that SL(2,R) is a normal subgroup of 
GL(2,R). 
 

Factor Groups 
 
The following definition and theorem are of key importance:  
 

• Definition:  Factor/Quotient Group of G by H. 
• Theorem:  Factor Groups. 

 
Factor Group 
 
If all of the left and right cosets of a subgroup with the same coset representative 
are identical, or in other words if the subgroup is normal, then the left cosets of 
the subgroup themselves form a group. The details of this are provided in 
Theorem 9.2 on page 176 of your textbook, the proof of which you should be 
able to completely understand. 
 
Notice that in the statement of this theorem the juxtaposition just indicates 
whatever the operation is in the group. For example, if the operation in the group 
is addition, then the equation (aH)(bH) = abH would be written as                       
(a + H) + (b + H) = (a + b) + H. 
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Example 4: In this example, we will look more closely at the discussion in 
Example 12 on pages 178-179 of your textbook. Consider the 
dihedral group D4, for which you will find a Cayley table on page 33 
of your textbook. In Example 12 on pages 178-179 of your 
textbook, it is implied that K = {R0, R180} is a normal subgroup of D4. 
Theorem 9.2 on page 176 of your textbook gives that the set D4/K = 
{left cosets of K in D4} = {K, R90K, HK, DK} is a group with the 
operation (xK)(yK) = xyK, where xy represents the composition of 
the dihedral group elements x and y. Now look at Table 9.2 on 
page 179 of your textbook, which is another Cayley table for D4. In 
Table 9.2 on page 179 of your textbook, the elements of D4 are 
reordered across the top and down the side of the table so that 
elements that are in the same left coset of K in D4 are grouped 
together. The inside of the table is also blocked off with blue lines to 
show the group structure that is guaranteed by Theorem 9.2 on 
page 176 of your textbook. In Table 9.1 on page 178 of your 
textbook the same Cayley table is shown but with the cosets 
collapsed into xK for some coset representative x of the coset. 


