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ABSTRACT. We analyze the positive solutions to

—Av = (1l —v); x € Q,

%Z-F'y\/Xv:O; x € 09,

where Qg = (0,1) or is a bounded domain in R"; n = 2,3 with
smooth boundary and |Q] = 1, and \,~ are positive parameters.
Such steady state equations arise in population dynamics encapsu-
lating assumptions regarding the patch/matrix interfaces such as
patch preference and movement behavior. In this paper, we will
discuss the exact bifurcation diagram and stability properties for

such a steady state model.

1. INTRODUCTION

Let 9 = (0,1) or be a bounded domain in R"; n = 2,3 with smooth
boundary 0€y and |Qg| = 1. Let Q = {lx | 2 € Qo}, where ¢ is a pos-
itive parameter. We will consider a population that satisfies a logistic

growth in the patch 2. We will assume that the diffusion rate in €2
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is D and that € is surrounded by a matrix €2,,, where the diffusion
rate is Dy and the death rate is Sy, all three positive parameters. Fur-
ther assuming r > 0 is the patch intrinsic growth rate and x > 0 is a
parameter encapsulating assumptions regarding the patch/matrix in-
terface such as patch preference and movement behavior, the resulting

model is (see [10], [11], & [4]):

) uy = DAu+ru(l — £); z €8,
1

Dg—z+—“ggD0u:O; x € 01,
with steady state equation

—Au=Fru(l—2£); e,

(2)

Dg—z+—vs2D°u:O; x € 01,

or equivalently:

—Au = %ru(l —2); x €y,

(3)

ou L8, _ -
%‘I’mﬂ—o, IG@Q(),

where K is the carrying capacity, and S* = /Sy Dy.
In this paper, we will be interested in the case when the density is
continuous at the interface, that is when x = 1. This corresponds to the

case when the organisms move between the patch and the matrix with
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equal probability. Moreover, the step sizes and movement probabilities
from the random walk are equal in the patch and the matrix (see [10]

A =2 and

& [4]). Now applying the change of variables v = =,

u
i’é

V=5 (3) reduces to:

—Av=X(l—-v); x€Qy,
(4)
g—s—l—’y\/Xv:O; x € 0%.

In this paper, we study existence, non-existence, uniqueness results,
and stability properties for (4). To precisely state our results, we first
consider the eigenvalue problem

—Aw = \w; x € ),
(5)
%—Z%—’yﬁwzo; x € 00.
It follows that (5) has a principal eigenvalue A;(y) > 0 and has a

corresponding eigenfunction w > 0 in Qg (see Appendix). We establish:

Theorem 1.1. Given any v > 0,

(a) If A > Ai(vy) then the trivial solution of (4) is unstable and
there ezists a unique positive solution vy to (4) which is glob-
ally asymptotically stable. Furthermore, ||vx]lcc — 07 as A —

M(Y)T and ||vy]|ee = 1 as A — o0;
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FIGURE 1. An illustration of the bifurcation curve for
(4) as established in Theorem 1.1.

(b) If A < A\ () then the trivial solution of (4) is globally asymp-

totically stable and there is no positive solution to (4).

Note that A;(y) = 0 as v — 0.

We prove our results via the method of sub-super solutions and the
principle of linearized stability. We provide the proof of Theorem 1.1
in Section 2. In Section 3, for the case n = 1, we provide an alternate
proof of our results in the case 2 = (0, 1) via a quadrature method and
discuss the evolution of the bifurcation curves as v varies. In Section

4, we discuss biological implications of our results.

2. PROOF OF THEOREM 1.1

Let A and v be fixed and let oy be the principal eigenvalue and ¢ > 0

in Q be the corresponding eigenfunction such that |¢|lc = 1 to the
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eigenvalue problem:

—A¢—Ap=00; x €y,
(6)
g—ﬁ%-’y\/Xgé:O; x € 0€).

Note that (6) is the linearization of (4) about the trivial solution.

Clearly o7 > 0 when A < Ai(y) and o7 < 0 when A > A;(y). Let

A > Ai(y) and ¢ := d¢ for § > 0 to be chosen later. Then
—Ap = Mp(1 — o) = 0loy + Adgle; @ € S,

and

00 528 5ho =~V € O,
on n

Hence v = 6;¢ with any 6; € (0, —%) is a strict subsolution of (4)

(since ||@|lec = 1), and ¢ = do¢ with

01

min 925]

Qo

5y = —
A

is a supersolution of (4). Clearly d, > ¢, and hence by the method of

sub-super solutions (see [8]), (4) has a positive solution vy € (019, J2¢]

for A > Ai(7y). Note here that when A — A\(v)", [—01] — 0T while

r%in¢ 4 0 (see (5)). Thus, §; — 07 and d, — 07, and, in particular,
0

loalloo = 0F as A = A1 (y) 7.
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Next, assume (4) has two positive solutions v; and vy. Without loss
of generality, we can assume v, is the maximal positive solution (since
w = 1 is a global supersolution) and hence v, > v1 in €y. Supposing v;
and vy are distinct, by integration by parts (Green’s second identity),

we obtain

[ [ ()0 (5)]

/ag 7\/_vz> v — (—7\/X111> U2i| ds

=0,

while

/Q [(Avs)oy — (Avy)vs] dae = / (=Aua(1 = v2))or + (or (1 = vy))us] de

Qo

= / Av1vg(vg — 1) dx
Qo

> 0.

This is a contradiction, and hence v; = vy and (4) has a unique positive

solution vy for A > Ay(7).
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1?ll.

FIGURE 2. An illustration of the bifurcation curve for (7).

Note also that the Dirichlet boundary value problem:

—AY = )(1 —9); x € Qy,
@ )
’QD = 0, HASS 690,
has a unique positive solution ¢, for A > AP with ||[¢]|cc < 1 and
]loo — 17 as A — oo, where AP > 0 is the principal eigenvalue of
—Aw = w; x €,

(8)

Since % < 0 in Q, clearly 1, is a subsolution to (4) for A >> 1,

and since w = 1 is a supersolution to (4) for A >> 1, we must have

vy € [y, 1] and hence [|vy[o — 17 as A — oo.
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Also, when A < A(v) (which implies oy > 0), if v is a positive

solution of (4), by Green’s second identity, we obtain

[ 1@vs - @ ar= [ [(=vie)o- (~1vAs)o] as

=0,
while

/Q [(Av)p — (Ag)v] dx = / [(=Av(l —0))p + o10v + Aov] dx

Qo

:/ [Av2gb+al¢v} dx
Qo

> 0.

Hence, we have a contradiction and therefore (4) has no positive solu-
tions when A < A1 (7).

The principle of linearized stability (see [13], for example) immedi-
ately gives that the trivial solution of (4) (as a steady state of (1))
is asymptotically stable whenever A < A;() (which implies o7 > 0)
and unstable whenever A > A;(y) (which implies oy < 0), where o is
the principle eigenvalue of the linearized problem (6) associated with
the trivial solution of (4). In the case that A > A;(7), we have already

shown the existence of a unique positive solution of (4), vy. Recall that
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we have ¢ = §;¢ is a strict subsolution for all §; € ( , —%) and Z =M
is a strict supersolution for all M > 1. This implies that ¢ < vy < Z
and ¢ can be made arbitrarily small and Z can be made arbitrarily
large. This fact combining with a result such as Theorem 5.6.7 of [13]
immediately shows that v, is globally asymptotically stable. In the
case that A < Ai(7), the stability of the trivial solution is global due
to the nonexistence of a positive solution of (4). Hence, Theorem 1.1

is proven.

3. ONE-DIMENSIONAL PROBLEM

In the case 2y = (0, 1), equation (4) reduces to the two-point bound-

ary value problem

(

—v" =XM1 —v); z€(0,1),
) v'(0) = 7v/W(0),
V(1) = =/ u(1).

From Theorem 1.1, (9) has a unique positive solution when A > Ay (7)

and no positive solution when A < Ai(7y), where A;(y) is the principle
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u(t)

q—

FIGURE 3. Shape of positive solutions to (10).

eigenvalue of

(

—v" = Xv; x € (0,1),
(10) V'(0) = 7V A(0),
v'(1) = =y Au(1).

\

A straightforward calculation will show that A;(y) = 4 (g —tan™! (%) > 2.
Note that as v — 0%, A;(y) — 0 and as v — oo, A\j(y) = 7% = AP,

We now use the quadrature method introduced by Laetsch in [9] and
further extended in [1], [5], [6], [7], and [12]. Suppose u is a positive
solution with u(3) = p (say) and u(0) = ¢ (say). Note that since (9)
is autonomous, the solution must be symmetric about ¢t = % and take

the form shown in Figure 3.
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Multiplying the differential equation in (9) by «' and integrating

yields

u'(t) = V2M(F(p) — F(u(t)); te [o, %1

where F(z) = [ s(1 — s) dt. Further integration yields

u(t) ds 1
RV e [0’5]’

and hence, setting ¢t — %, we obtain:

p ds
A= V2 </ Flp) —F<s>> |

Now the boundary conditions require that p and ¢ satisfy:

(1) P(p) = 2L

Note that given p € (0,1), there exists a unique ¢ = ¢(p) € (0, p)

satisfying (11), and we can show that

P ds
Gl = ﬁ/q(,,) (o)~ F(5)

is well defined and continuous on (0, 1).
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Further, given p € (0, 1), for A satisfying

(12)

P ds
VA= Gl = ﬁ/q@) VF(p)—F(s)

(9) has a positive solution of the form given in Figure 3 defined by:

u(t) 1
/ ds =V2\t; te {O, 5) .
q

) VF(p)—F(s)

Hence (12) describes the bifurcation diagram for positive solutions of
(9). Using Mathematica computation, we provide below this bifurca-
tion diagram for several values of 7. In particular, we illustrate the
evolution of the bifurcation diagram as v — 0% and v — oo in Figures
4 and 5, respectively. Note that when v — 0", we approach the Neu-
mann boundary condition case, and when v — oo, we approach the

Dirichlet Boundary condition case.

4. BIOLOGICAL IMPLICATIONS OF OUR RESULTS

These model results give important predictions on population per-
sistence at the patch level based solely on demographic parameters,
e.g. patch diffusion rate and intrinsic growth rate, as well as matrix
diffusion rate and death rate. We note that our assumption of Kk = 1
or Continuous Density at the patch/matrix interface supposes that or-

ganisms do not detect the change between the patch and matrix. Thus,
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Vil

0 n?

FIGURE 4. Bifurcation curves for (9) as v — oo gener-
ated in Mathematica. The curves correspond (from left
to right) to v = 1, v = 10, and v = 100. Note that as
~ — 00, the bifurcation curves approach w2, which is the
first eigenvalue of the Dirichlet problem.

vl

0 i

FIGURE 5. Bifurcation curves for (9) as v — 01 gener-
ated in Mathematica. The curves correspond (from left
to right) to v = .1, v = .5, and v = 1. Note that as
~ — 0T, the bifurcation curves approach 0, which is the
first eigenvalue of the Neumann problem.
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they freely cross the boundary of the patch having a probability of re-
maining in the patch of 50% and do not adjust their movement behavior
in the matrix. The principal eigenvalue, oy, of (6) plays a crucial role
in determining the dynamics of the model. In fact, it represents the
fastest possible growth rate for the linear growth model corresponding
to (1) (see [3] or [2]).

As indicated in Theorem 1.1 (and the proof therein), when A < A\;(7)
we have that o1 > 0 and the only nonnegative steady state of (1) is
the trivial one, v = 0. In this case, the model predicts extinction
for any nonnegative initial population density profile. In fact, loses
due to mortality in the matrix outpace the reproductive rate in the
patch. Thus, the theoretical organism cannot colonize the patch and
any remnant population in the patch will become extinct. However,
when A > A;(v) we have that o; < 0 and (1) admits a unique steady
state that is positive in €2, such that all positive initial population
density profiles will propagate to this steady state over time. In this
case, the global nature of the stability of the positive steady state gives
a fairly strong notion of persistence of the species. The patch is large
enough in this case to shield a sufficient proportion of the population
from mortality induced by the hostile matrix. This prediction leads to

a formula for minimum patch size of the population given as £*(y) =
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%)\1(7). Note that this formula can be numerically estimated and
depends upon parameters in the patch (diffusion rate and intrinsic
growth rate), parameters in the matrix via « (diffusion rate and death
rate), and the geometry of the patch .

This notion of a minimum patch size agrees with the well known no-
tion of a minimum core area (in the case of n = 2) requirement. Note
that A;(7y) can be viewed as a quantification of the loss of the popula-
tion due to interactions with the hostile matrix where v encapsulates
parameters regarding the hostile matrix. Also, it is easy to see that
A1 (v) = AP as ¥ — oo and this reveals an important model prediction
of the existence of a maximum possible effect of population loss due to
the hostile matrix. Patches with a lethal matrix can still be guaran-
teed a prediction of persistence as long as the patch size is larger than

%AlD , where the maximum effect of the lethal matrix on the popula-
tion is quantified in AP. This minimum patch size approaches infinity
if either 1) the patch diffusion rate is arbitrarily large, since a large
diffusion rate ensures that a very high proportion of the population
will encounter loss at the patch/matrix interface, or 2) the intrinsic
growth rate is arbitrarily small, which for a fixed patch diffusion rate
will imply that the population is not able to recover the loss associated

with interaction with hostile matrix.
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APPENDIX A. SOME RESULTS FOR THE EIGENVALUE PROBLEM (5)

Consider the multiparameter eigenvalue problem

—Az=MXz; x € Q,
(13)

g—; =puz; x € 0.

We recall the following result from [14].

Theorem A.1. The first eigencurve \i(u) C R? is Lipschitz continu-
ous, strictly decreasing, and concave. Furthermore, A\1(0) =0, and the

eigenfunction associated with any point on A\i(p) is strictly positive.

Considering the eigenvalue problem (5), let 4 = —vv/A. Define
AB CR*by A= {(g,A) | A = M(w)} and B == {(1,\) | p =
—vx/X}. Since A is concave and B is convex, it follows from Theo-
rem A.1 that AN B is a single point, say (u1, A1), with u; = —yv/A;.
Therefore, (5) has a principal eigenvalue A;(y) > 0 with corresponding
eigenfunction w > 0 in €.

We now wish to show that lim,_,., A1(y) = AP. For any p € R, we

may characterize A (p) by

Vul? de — u? ds
(14) Ai(p) =  min Jo IV > b Jon, .
ue H1(0)\{0} fQOu dx
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Let AP be the principle eigenvalue of (8) with corresponding eigen-

function ¢ chosen such that fQo D = 1. Testing (14) with u = 1 and

u = ¢P shows that
0S|
A < —
1(p) < —p N
and
Mi(p) < A7,

respectively. Taking a sequence p,, — —oo such that the corresponding
eigenfunctions u,,, without loss of generality, satisfy fQo u, dxr =1, we

observe that

A (pn) = / |Vu,|? dz — ,un/ u? ds.
Qo 990

Since 1, < 0, we have 0 = A\1(0) < A\j(u,) < AP.

By Theorem A.1, lim,,, oo A1 () = A (—00) < AP for some \;(—o0) €
R. Without loss of generality, we may assume — g, |, 2% u? ds — a >0,
and thus [5, ui — 0.

Since {u,} is bounded in H'(p), we may select a subsequence so
that u, — win H'(Qp), u, — u in L*() and in L*(9€). It follows

that fQo u? dr =1 and fmo u? ds = 0, and hence u € H}(Qp).
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By the weak lower semicontinuity of fQo |Vul|? dz, we get that,

/ |Vul? dz + o < lim inf (/ |Vu,| dr — un/ u? ds) = \(—o0) < AP,
Qo oo Qo 9%

But by Poincare’s Inequality, we have AP < fQo |Vul? dz, and hence we
must have @ = 0 and Ay (—o0) = A{’. Furthermore, [, [Vul? dz = A7,
and thus, without loss of generality, u = ¢¥. Moreover, lim,, 4, fQo |Vu,|? de =

fQo |Vu|? dz, and hence u,, — u = ¢P in H*(Q).
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