
Shape Operator

2nd picture: The Center of Population of the United States
http://www.ams.org/publicoutreach/feature-column/fcarc-population-center

curve: κ, τ rate of change of unit vector fields T & B (∴ N).
surface:

metric form gij tells us about behavior in the tangent plane
U unit vector field. Whole plane of directions—rates of
change of U are measured, not numerically, but by a linear
operator called the shape operator

Sp(~w) = −∇~wU
S(~xu) = −∇~xu U = −Uu = ~xu + ~xv

S(~xv ) = −∇~xv U = −Uv = ~xu + ~xv
Example: x(u, v) = (u, v ,0)
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Shape Operator of Cylinder

S(~xu) = −∇~xu U = −Uu write it in the basis of ~xu + ~xv

S(~xv ) = −∇~xv U = −Uv write it in the basis of ~xu + ~xv
Example: x(u, v) = (r cosu, r sinu, v), with r constant
xu = (−r sinu, r cosu,0)
xv = (0,0,1)
U = (cosu, sinu,0)
S(~xu) = −Uu = −(− sinu, cosu,0) = −1

r xu + 0xv
S(~xv ) = −Uv = (0,0,0) = 0xu + 0xv[
−1

r 0
0 0

]
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Shape Operator of Sphere

2nd picture: The Center of Population of the United States
http://www.ams.org/publicoutreach/feature-column/fcarc-population-center

S(~xu) = −∇~xu U = −Uu write it in the basis of ~xu + ~xv

S(~xv ) = −∇~xv U = −Uv write it in the basis of ~xu + ~xv
Example: x(u, v) = (r cosu cos v , r sinu cos v , r sin v)

S(~xu) = −Uu = −1
r xu + 0xv

S(~xv ) = −Uv = (0,0,0) = 0xu − 1
r xv[

−1
r 0

0 −1
r

]
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Shape Operator of Sphere

2nd picture: The Center of Population of the United States
http://www.ams.org/publicoutreach/feature-column/fcarc-population-center

S(~xu) = −∇~xu U = −Uu write it in the basis of ~xu + ~xv

S(~xv ) = −∇~xv U = −Uv write it in the basis of ~xu + ~xv
Example: x(u, v) = (r cosu cos v , r sinu cos v , r sin v)
S(~xu) = −Uu = −1

r xu + 0xv

S(~xv ) = −Uv = (0,0,0) = 0xu − 1
r xv[

−1
r 0

0 −1
r

]
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Shape Operator of Psuedosphere

2nd picture: The Center of Population of the United States
http://www.ams.org/publicoutreach/feature-column/fcarc-population-center

S(~xu) = −∇~xu U = −Uu write it in the basis of ~xu + ~xv

S(~xv ) = −∇~xv U = −Uv write it in the basis of ~xu + ~xv
Example: x(u, v) = (sechu cos v , sech u sin v ,u − tanhu)

S(~xu) = − 1
sinh u~xu + 0~xv

S(~xv ) = 0~xu + sinh u~xv[
− 1

sinh u 0
0 sinhu

]
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Shape Operator of Psuedosphere

2nd picture: The Center of Population of the United States
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0 sinhu
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Shape Operator of u2 − v2 Saddle

2nd picture: The Center of Population of the United States
http://www.ams.org/publicoutreach/feature-column/fcarc-population-center

S(~xu) = −∇~xu U = −Uu write it in the basis of ~xu + ~xv

S(~xv ) = −∇~xv U = −Uv write it in the basis of ~xu + ~xv
Example: x(u, v) = (u, v ,u2 − v2)

S(~xu) =
8v2+2

(1+4u2+4v2)
3
2
~xu + 8vu

(1+4u2+4v2)
3
2
~xv

S(~xv ) =
−8vu

(1+4u2+4v2)
3
2
~xu +− 8u2+2

(1+4u2+4v2)
3
2
~xv 8v2+2

(1+4u2+4v2)
3
2

8vu

(1+4u2+4v2)
3
2

−8vu

(1+4u2+4v2)
3
2
− 8u2+2

(1+4u2+4v2)
3
2


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Shape Operator of u2 − v2 Saddle
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