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A first order proof by contradiction

Suppose (m
n )

2 = 2 where m, n ∈ N.

m2 = 2n2

If m = 2km0 and n = 2jn0 with m0 and n0 odd,

(2km0)
2 = 2(2jn0)

2

22km2
0 = 22j+1n2

0

So 2k = 2j + 1, a contradiction!

It is easy to prove
√

2 /∈ Q in a first order setting, using some
number theory.



First order vs. second order

First order arithmetic formulas use (only) quantifiers over
natural numbers.

∀m∀n(
(m

n

)2
6= 2)

Translation: if m/n is a rational, its square is not 2.

Second order arithmetic formulas use quantifiers over sets of
natural numbers (and objects coded by sets).

∀α ∈ R (α2 = 2→ ∀m∀n(m
n
6= α))

Translation: If α is a real and α =
√

2, then α is not rational.



Coding of reals
In second order arithmetic, reals are coded by rapidly
converging sequences of rationals.

If α = 〈q0, q1, q2, . . . 〉 codes a real, then ∀n|qn − qn+j | 6 2−n.

Many different sequences could be used to code
√

2. For
example:

√
2 = α = 〈1, 1.4, 1.41, 1.414, . . . 〉

√
2 = β = 〈1,

3
2

,
17
12

,
577
408

,
665857
470832

, . . . 〉

= 〈1, 1.5, 1.416̄, 1.414215, 1.414233562, . . . 〉



A conjecture

RCA0 is an axiom system for second order arithmetic including:
• basic arithmetic axioms,
• induction for some simple formulas,
• an existence axiom for computable sets of natural

numbers.

Conjecture: RCA0 can prove the following:
• The sequence β = 〈1, 3

2 , 17
12 , 577

408 , 665857
470832 , . . . 〉 exists and

codes a real number.
• β2 = 2.
• ∀m∀n (β 6= m

n )

Summarizing, RCA0 can prove that
√

2 is irrational.



The larger project

Hynek Mlcousek asked on the FOM listserve:
What axioms are needed to prove that π and e are irrational?

Joey Seevers is working on e.
Nicholas Beitzell is working on π.

What about other irrational algebraic numbers?
What about other irrational transcendental numbers (e.g.
πe or eπ)?
How much induction is used in these proofs?
How does the choice of the representing sequences affect
the difficulty of the proofs?
How hard is it to prove that π (or e, etc.) is transcendental?
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