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2.5 NONHOMOGENEOUS SYSTEMS

Recall that a system of m linear equations in n unknowns

a1ry + appxr2 + - + aip®, = by,
a1r1 + agers + - 4+ ag®, = by,
Am1T1 + QmaZ2 + -+ + QmpTn = bma

is said to be nonhomogeneous whenever b; # 0 for at least one ¢. Unlike
homogeneous systems, a nonhomogeneous system may be inconsistent and the
techniques of §2.3 must be applied in order to determine if solutions do indeed
exist. Unless otherwise stated, it is assumed that all systems in this section are
consistent.

To describe the set of all possible solutions of a consistent nonhomogeneous
system, construct a general solution by exactly the same method used for homo-
geneous systems as follows.

e Use Gaussian elimination to reduce the associated augmented matrix [A|b]
to a row echelon form [E|c].

e Identify the basic variables and the free variables in the same manner de-
scribed in §2.4.

e Apply back substitution to [E|c] and solve for the basic variables in terms
of the free variables.

e Write the result in the form
x=p+zphi +xp,ho+-- 4+ x4 hy_ (2.5.1)

where s ,xyp,,...,25,_, are the free variables and p,hy, hy,... h,_, are
n X 1 columns. This is the general solution of the nonhomogeneous system.

As the free variables x, range over all possible values, the general solu-
tion (2.5.1) generates all possible solutions of the system [A|b]. Just as in the
homogeneous case, the columns h; and p are independent of which row eche-
lon form [El|c| is used. Therefore, [A|b] may be completely reduced to Eja b
by using the Gauss—Jordan method thereby avoiding the need to perform back
substitution. We will use this approach whenever it is convenient.

The difference between the general solution of a nonhomogeneous system
and the general solution of a homogeneous system is the column p that appears
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in (2.5.1). To understand why p appears and where it comes from, consider the
nonhomogeneous system

1+ 2w9 + 223 + 324 = 4,
201 +4x9 + 23+ 314 =5, (2.5.2)
3x1 + 620 + 3+ 424 =7,

in which the coefficient matrix is the same as the coefficient matrix for the
homogeneous system (2.4.1) used in the previous section. If [A|b] is completely
reduced by the Gauss—Jordan procedure to Eia

1 2 2 3| 4 1 20 1| 2
Abl=12 4 1 3 | 5| —([00 1 1| 1]|=Eapm,
36 1 4 | 7 000010

then the following reduced system is obtained:

T+ 220 + 24 = 2,
T3+ x4 = 1.

Solving for the basic variables, x1; and z3, in terms of the free variables, x-
and x4, produces

T :2—2$2—IL’4,

xro is “free,”

T3 =1 — 14,

xy is “free.”

The general solution is obtained by writing these statements in the form

T 2 — 2.I2 — T4 2 -2 —1
i) . T2 . 0 1 0
T3 = 1 - = 1 —I—.IQ O -|-.T4 _1 (253)
Tq Ta 0 0 1

As the free variables x5 and x4 range over all possible numbers, this generates

all possible solutions of the nonhomogeneous system (2.5.2). Notice that the
2

column g) in (2.5.3) is a particular solution of the nonhomogeneous system
0

(2.5.2)—it is the solution produced when the free variables assume the values

ro =0 and z4 = 0.
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Furthermore, recall from (2.4.4) that the general solution of the associated
homogeneous system
1 + 222 + 223 + 314 = 0,

21‘1 + 41‘2 + I3 + 31’4 == 0, (254)
3x1 +6x2+ x3+4x4 =0,

is given by
—2%2 — T4 —2 —1
Zo . 1 0
2 = I 0 + 24 1
T4 0 1

That is, the general solution of the associated homogeneous system (2.5.4) is a
part of the general solution of the original nonhomogeneous system (2.5.2).

These two observations can be combined by saying that the general solution
of the nonhomogeneous system is given by a partzcular solution plus the general
solution of the associated homogeneous system.

To see that the previous statement is always true, suppose [A|b] represents
a general m X n consistent system where rank (A) = r. Consistency guarantees
that b is a nonbasic column in [A|b], and hence the basic columns in [A|b] are
in the same positions as the basic columns in [A|0] so that the nonhomogeneous
system and the associated homogeneous system have exactly the same set of basic
variables as well as free variables. Furthermore, it is not difficult to see that

E[A|0} = [EA|0] and E[A|b] [EA| ]
&1
&r
0

where c is some column of the form ¢ = . This means that if you solve

0
the i*" equation in the reduced homogeneous system for the " basic variable
rp, in terms of the free variables xy,xy,_,,..., 2z, _, to produce

Th, = OGT g 4+ Q1 Tf,  + o QT (2.5.5)

then the solution for the 3" basic variable in the reduced nonhomogeneous
system must have the form

xp, =&+ oy F 1T QT (2.5.6)

For those students who have studied differential equations, this statement should have a familiar
ring. Exactly the same situation holds for the general solution to a linear differential equation.
This is no accident—it is due to the inherent linearity in both problems. More will be said
about this issue later in the text.
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Example 2.5.1

That is, the two solutions differ only in the fact that the latter contains the
constant ¢;. Consider organizing the expressions (2.5.5) and (2.5.6) so as to
construct the respective general solutions. If the general solution of the homoge-
neous system has the form

X= xflhl + fohQ + T + xfn—rhn_r’

then it is apparent that the general solution of the nonhomogeneous system must
have a similar form

x=p+zphi +zp,ho+---4+z5 h,_, (2.5.7)

in which the column p contains the constants &; along with some 0’s—the &;’s
occupy positions in p that correspond to the positions of the basic columns, and
0’s occupy all other positions. The column p represents one particular solution
to the nonhomogeneous system because it is the solution produced when the free
variables assume the values zy =z, =--- =y, =0.

Problem: Determine the general solution of the following nonhomogeneous sys-
tem and compare it with the general solution of the associated homogeneous
system:

1+ To+2x3+2x4+ x5 =1,
201 + 229 + 43 + 4y + 325 = 1,
201 + 229 4+ 43 + 4y + 225 = 2,
3x1 + dxs + 8xz + 624 + dxs = 3.

Solution: Reducing the augmented matrix [A|b] to Efap) yields

112 2 1|1 11 2 2 1 1
A_[22443 1) (00001 | -1
2 2 4 4 2 | 2 00000 0
358 6 5 | 3 02 2 0 2 0
11 2 2 1 1 11 2 2 1 1
|02 20 2 o_}(011o1 0
0000 1| -1 0000 1| —1
00000 0 00000 0
1 01 2 0 1 1 01 2 0 1
o1 1001 0] [0 1100 1 _g
0000 1| —1 0000 1| —1 [A[b]-
00000 0 00000 0
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Observe that the system is indeed consistent because the last column is nonbasic.
Solve the reduced system for the basic variables x1, x2, and x5 in terms of the
free variables x3 and x4 to obtain

1 =1—x3 — 214,
xg =1 — w3,
r3 is “free,”
T4 is “free,”

Ty — —1.

The general solution to the nonhomogeneous system is

I 1-— xr3 — 2.134 1 —1 -2
T 1 — I3 1 -1 0
x=\|xz3 | = T3 = 0| +x3 1| 4+ x4 0
T4 Ty 0 0 1
Iy —1 —1 0 0

The general solution of the associated homogeneous system is

I —xX3 — 2.’,64 —1 -2
T2 —xI3 —1 0
X = I3 = I3 = I3 1 + x4 0
T4 Tq 0 1
Ts5 0 0 0

You should verify for yourself that

T
Il
_ O O = =

is indeed a particular solution to the nonhomogeneous system and that

—1 —2
-1 0
h3 = 1 and h4 = 0
0 1
0 0

are particular solutions to the associated homogeneous system.
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Example 2.5.2

Now turn to the question, “When does a consistent system have a unique
solution?” It is known from (2.5.7) that the general solution of a consistent
m X n nonhomogeneous system [A|b] with rank (A) =r is given by

X=p+ x.flhl + xf2h2 +oot x.f’n,f'rhn_r7

where

wflhl + xf2h2 + e + xfnf'rhn_r

is the general solution of the associated homogeneous system. Consequently, it
is evident that the nonhomogeneous system [A|b] will have a unique solution
(namely, p) if and only if there are no free variables—i.e., if and only if r =n
(= number of unknowns)—this is equivalent to saying that the associated ho-
mogeneous system [A|0] has only the trivial solution.

Consider the following nonhomogeneous system:

2x1 + 49 + 623 = 2,
T, + 220 + 3x3 =1,
T + 3= -3,

221 + 4x9 =&.

Reducing [A|b] to Eap) yields

2 4 6 9 1 0 0 | —2
1 2 3 1 01 0 3
A=t o 1] 3] 7100 1| —1]|Eam:
2 4 0 8 00 0 0

The system is consistent because the last column is nonbasic. There are several
ways to see that the system has a unique solution. Notice that

rank (A) = 3 = number of unknowns,

which is the same as observing that there are no free variables. Furthermore,
the associated homogeneous system clearly has only the trivial solution. Finally,
because we completely reduced [A|b] to Eja, it is obvious that there is only
-2
one solution possible and that it is given by p = 3
-1
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Summary

Let [A|b] be the augmented matrix for a consistent m x n nonhomo-
geneous system in which rank (A) =r.

e Reducing [A|b] to a row echelon form using Gaussian elimination
and then solving for the basic variables in terms of the free variables
leads to the general solution

X=p-+ .”Eflhl a4 $f2h2 + -+ xfn_rhn—r-

As the free variables zf, range over all possible values, this general
solution generates all possible solutions of the system.

e Column p is a particular solution of the nonhomogeneous system.

e The expression xy hy +xphy +---+xp  h,_, is the general so-
lution of the associated homogeneous system.

e Column p as well as the columns h; are independent of the row
echelon form to which [A|b] is reduced.

e The system possesses a unique solution if and only if any of the
following is true.

> rank (A) =n = number of unknowns.
> There are no free variables.

> The associated homogeneous system possesses only the trivial
solution.

Exercises for section 2.5

2.5.1. Determine the general solution for each of the following nonhomogeneous
systems.

T1 4 220 + x3 + 214 = 3,
(a) 21 +4x9 + 3+ 314 =4, (b)
3%1 + 6:172 + x3+ 41‘4 = 5.

20+ y+z2=4,
dr 4+ 2y + 2 =6,
6z + 3y + 2 =8,
8z + 4y + z = 10.

1+ a9+ 2x3 =1, 20+ y+ 2z =2,
(© 3x1 + 3x3 + 324 = 6, (@ dx 4+ 2y + 2 =15,
c

201+ T2+ 3x3+ x4 =3, 6x + 3y + 2z =8,

1+ 229 +3x3 — x4 = 0. 8xr + 5y + 2z = 8.
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2.5.2.

2.5.3.

2.5.4.

Among the solutions that satisfy the set of linear equations

1+ To+2x3+2x4+ x5 =1,
201 + 2x9 + 4xg + 4y + 35 = 1,
2x1 + 2x9 + 4y + 4y + 25 = 2,
3x1 + dxo + 8x3 + 624 + S5 = 3,

find all those that also satisfy the following two constraints:

(x1 — 3:2)2 — 49:? =0,

2 _ 2 _
x5 — x5 = 0.

In order to grow a certain crop, it is recommended that each square foot
of ground be treated with 10 units of phosphorous, 9 units of potassium,
and 19 units of nitrogen. Suppose that there are three brands of fertilizer
on the market—say brand X, brand ), and brand Z. One pound of
brand X contains 2 units of phosphorous, 3 units of potassium, and 5
units of nitrogen. One pound of brand ) contains 1 unit of phosphorous,
3 units of potassium, and 4 units of nitrogen. One pound of brand Z
contains only 1 unit of phosphorous and 1 unit of nitrogen.

(a) Take into account the obvious fact that a negative number of
pounds of any brand can never be applied, and suppose that
because of the way fertilizer is sold only an integral number of
pounds of each brand will be applied. Under these constraints,
determine all possible combinations of the three brands that can
be applied to satisfy the recommendations exactly.

(b) Suppose that brand X costs $1 per pound, brand ) costs $6
per pound, and brand Z costs $3 per pound. Determine the
least expensive solution that will satisfy the recommendations
exactly as well as the constraints of part (a).

Consider the following system:

20+ 2y + 32 =0,
dx 4+ 8y + 12z = —4,
6x + 2y + az =4.

(a) Determine all values of a for which the system is consistent.

(b) Determine all values of « for which there is a unique solution,
and compute the solution for these cases.

(c) Determine all values of « for which there are infinitely many
different solutions, and give the general solution for these cases.
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2.5.5. If columns s; and s, are particular solutions of the same nonhomo-
geneous system, must it be the case that the sum s; + s; is also a
solution?

2.5.6. Suppose that [A|b] is the augmented matrix for a consistent system of
m equations in n unknowns where m > n. What must Ea look like
when the system possesses a unique solution?

2.5.7. Construct a nonhomogeneous system of three equations in four un-
knowns that has

o~ O
+
S
[\

as its general solution.

2.5.8. Consider using floating-point arithmetic (without partial pivoting or
scaling) to solve the system represented by the following augmented

matrix:
835  .667 . 168
333 .266  .1994 067
1.67 1334 1.1 436

(a) Determine the 4-digit general solution.
(b) Determine the 5-digit general solution.
(c) Determine the 6-digit general solution.



Solutions

Solutions for exercises in section 2. 4

2.4.1.

2.4.2.

2.4.3.

2.4.4.
2.4.5.

2.4.6.
2.4.7.

2.4.8.

—2 ~1 B ~1 ~1
2 _
(a) w2 (1) + x4 _(1) (b) y 1 (c) x3 i + x4 é
0 1 0 0 1
(d) The trivial solution is the only solution.
0 1
0 and —%
0 0
—2 —2
1 0
To O | 4+x4| —1
0 1
0 0
rank (A) =3
(a) 2—because the maximum rank is 4.  (b) 5—because the minimum rank is

1.
Because r =rank(A) <m<n = n—r>0.

There are many different correct answers. One approach is to answer the question
“What must Ea look like?” The form of the general solution tells you that
rank (A) = 2 and that the first and third columns are basic. Consequently,

1 a« 0 G
Ea=([0 0 1 ~ so that 1 = —axy — fry and x3 = —vyxy gives rise
0 0 0 O
— —3
. 1 0
to the general solution o 0 + x4 ] Therefore, a« = 2, [ = 3,
0 1
and v = —2. Any matrix A obtained by performing row operations to Ea

will be the coefficient matrix for a homogeneous system with the desired general
solution.

If >, x¢h; is the general solution, then there must exist scalars a; and (; such
that C1 = Zz Oéz‘hz‘ and Coy = Zz ﬁzhz Therefore, Cci +cCcy = ZZ(OQ + ﬁz)hz,
and this shows that c; 4¢3 is the solution obtained when the free variables z¢,
assume the values x¢, = a; + ;.

Solutions for exercises in section 2. 5

2.5.1.

—2 -1

1 . o
0 1 0 2

(a) + + x4 b)) 0] +y 1
2 0 —1 9 0
0 0 1
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2 —1 -1
—1 —1 1 3
(c) + T3 + 14 (d) -3
0 1 0 o

0 0 1

2.5.2. From Example 2.5.1, the solutions of the linear equations are:

Ir1 = 1-— Irs — 2.T4
To — 1-— I3

x3 is free

x4 18 free

33'5:—1

Substitute these into the two constraints to get x3 = +1 and x4 = +1. Thus
there are exactly four solutions:

—2 2 0 4
0 0 2 2
1, 1, =11, ] -1
1 1 1 1

—1 —1 —1 —1

2.5.3. (a) {(3,0,4), (2,1,5), (1,2,6), (0,3,7)} See the solution to Exercise 2.3.7 for
the underlying system.  (b) (3,0,4) costs $15 and is least expensive.
2.5.4. (a) Consistent for all a.  (b) « # 3, in which case the solution is (1,—1,0).

1 0
(¢) « =3, in which case the general solution is [ —1 | + 2 —%
0 1
2.5.5. No
2.5.6.
1 0 0
0 1 0
Ea=]0 0 1
0 O 0
0 0 0/ ixn
2.5.7. See the solution to Exercise 2.4.7.
—.3976 —.7988
2.5.8. (a) 0 +y 1 (b) There are no solutions in this case.
1 0
1.43964
(c) -2.3

1



