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Abstract

Quinn A. Morris

The Fucik spectrum of a linear operator, L, is defined to be the set,
Y= {(a, b) € R?: there is a non-trivial solution to Lu = au™ — bu_} .

The Fucik spectrum is important since it reflects parameter values for which the
existence of solutions to the equation Lu = au™ — bu™ + g(u) may change. In this
thesis, we examine the Fucik spectrum of both matrix and differential operators. A
variational characterization due to Castro and a standard saddle point theorem are
used to determine existence of solutions in non-resonance and resonance cases, with
the development of generalized orthogonality conditions for existence of solutions in
the resonance cases. Our results improve upon existing theorems due to Marguiles
and Marguiles in the matrix case, and Bliss, Buerger, and Rumbos in the differential
case.
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Chapter 1: Introduction

Given some linear operator, L, consider the equation

Lu = au® —bu~ + g(u), (1.1)
uy Uy

where, if u is a vector, then u™ = Do, u = : and uF = max{0, +u;} and
Upy Uy

if u is a function, u*(t) = max{0, *u(t)}.

The object of interest in this thesis is the Fucik spectrum of L, denoted 3, where
2 = {(a,b) € R*: there is a non-trivial solution to Lu = au™ — bu™} . (1.2)

The Fucik spectrum is of interest since it is known to identify parameter values where
the solvability of equations of the form Lu = au™ —bu~ +¢g(u) may change. Motivation
for studying such problems often depends on the choice of operator. When L is a
second derivative operator, such equations model asymmetric oscillating systems. An
example is a suspension bridge, which experiences a spring-like restoring force in both
directions due to the stiffness of the road bed and a tension force from the suspension
cables when it moves below equilibrium (see [4], [6]). If L is a matrix, such problems
generally arise in the numerical study of differential equations, as in [7].

Success has been found proving existence theorems for problems of this type using
degree-theoretic arguments, as in [4] and [7]. More recently, theorems due to Cas-
tro and Drabek and Robinson (see [2] and [3], respectively) have used a variational
approach to solve such problems. Using the method of Castro in [2], we wish to
find a variational characterization of the Fucik spectrum for both matrix and dif-

ferential operators, and then use the variational characterization to find conditions



for existence of solutions to (1.1), in both resonance and non-resonance cases (i.e.,
(a,b) € ¥ and (a,b) ¢ X, respectively). In the resonance case, we establish a gen-
eralized orthogonality condition, a type of Fredholm Alternative, for existence of a
solution.

By treating the matrix and ODE cases in parallel, we are able to highlight the
improvements that we have made to the existing literature (see [7] and [1]) and clearly
highly where the finite and infinite dimensional cases differ. Not surprisingly, the most
prominent differences arise the in compactness arguments.

The idea of the variational method is that in some cases, if it is difficult to find
solutions to a particular equation, say f(z) = 0, directly, it may be easier to identify an
appropriate functional, call it F', such that F’'(z) = f(x), and look for critical points
of F'. As a more concrete example, consider that, if we wished to solve 2® +x +1 = 0,
we could examine the function F(z) = ix”‘ + %xQ + 2 and look for critical points.
While this may not make it easier to solve the equation analytically, it does make it
easier to prove the existence of solutions.

In order to determine the existence of a solution, there are two main areas which
must be examined. First, we must look at the geometry of the appropriate functional.
In particular, we will show that the chosen functional is concave and anticoercive on
certain subsets of the domain. We will then show that the functional is bounded

below, or possibly coercive, on a complementary subset of the domain.

Definition 1. A functional, F : D — R, is concave on a subset U C D if, for all
z,y € U, (VF(y) —VF(x),y—xz) < 0. If (VF(y) — VF(x),y —z) < 0, the I is

called strictly concave.

Definition 2. A functional, F : D — R, is anticoercive on a subset U C D if, given

any sequence {xy}72, C U such that ||zg||p — oo, F(xy) — —o0.



Thinking of these two properties geometrically, the concavity property will give
us that any line drawn between two points in the image of I’ will lie below the actual
functional values along that line. The anticoercive property tells us that as one goes
out to oo in any direction, the values of the functional go towards —oo. Once we
have established that our functional is concave and anticoercive on some subset, then
we will show that the functional obtains an absolute maximum on that subset. If we
then take the minimum over all such subsets, we hope to find a critical value. Such

an approach is often called a minimax characterization of the critical value.

In addition to the geometry, however, we must also establish a second property,

which is known as the Palais-Smale compactness condition.

Definition 3 (PS). Let H be a Hilbert space. A functional F € C'(H,R) satisfies the
Palais-Smale compactness condition if each sequence {ux}52,, such that {F(ug)}2,

is bounded and V F(uy) — 0 in H, is precompact in H.

In a finite number of dimensions, this condition is automatically satisfied if the
given functional is such that the inverse image of any compact set is itself compact.
In infinite dimension, the condition is more obviously necessary due to the more
complex notion of compactness. Establishing (PS) for cases where (a,b) € ¥ often
requires the use of a generalized orthogonality condition. Specifically, a Landesman-
Lazer condition is often used. There are a great variety of Landesman-Lazer type

conditions. In finite dimension, we will use a Landesman-Lazer condition of the form,

Definition 4 (LLM). Let (a,b) € X. For a bounded gradient field g : R™ — R", if
every sequence, {xyx}72, C R", such that xx — X, a Fucik eigenvector associated with
(a,b), is such that

lim (g(xx),x) > 0,

k—00

then the Landesman-Lazer condition is satisfied.



In the infinite dimensional case, we will use a Landesman-Lazer condition of the

form,

Definition 5 (LLD). Let (a,b) € ¥ and g : R — R be a bounded, continuous function
with G(u) := [ g(t)dt. If every sequence {up}s>, C H such that uy — ¥, a Pucik

eigenfunction associated with (a,b), is such that

{G*/ \Ifdt+G/ \pdt} £0,
>0 <0

where

Gt = lim Glu) and G~ = lim G(u))

u—+oo U u——00 U

then the Landesman-Lazer condition is satisfied.

Establishing such a compactness condition is necessary in order to apply a stan-
dard Saddle Point Theorem. The theorem stated below is taken as a consequence of

Theorems 2.8 & 2.9 in [11].

Theorem 1.1. Let H be a Hilbert space, let X C H, andlet E : H — R be a C' func-
tional. Let Br :=={x € X : ||z|| < R}, let vy : 0Br — H be a continuous function, let
I':'={y:Br— H:v€C(Br,H), V|, =0} and let c :=inf crsup,cp, E(y(z)).

If sup,cop, E(v0(x)) < ¢ and if E satisfies (PS), then c is a critical value of E.

1.1 Preliminaries

Before beginning, we will define some basic notation which we will use throughout
the following chapters.
In the case where L is a differential operator, we will make heavy use of two very

important function spaces, the Lebesgue space, L?[0,27], and the Sobolev space,



W20, 27]. Define

27
L*[0,27] := {f : [0,27] — R : f is measurable, and f2dt < oo}
0

In other words, L? [0, 27| is the space of square integrable function. The norm asso-

27 %
Hﬂm:(é Fm).

Using the definition of L?[0, 27|, we can now define W12 [0, 2n]. Let

ciated with the space is

Wh20,2n] := {f € L*[0,27] : f is absolutely continuous, and f’ € L?[0, 27|},

with associated norm,

2 27 %
|mm=(A ra [ UV&).

We will henceforth refer to the space simply as H and the norm as || - || g, consistent
with a number of other texts. A rather important property of H, which we will make
use of quite often, is the fact that H has a compact embedding into both L? and
C'. This standard theorem taken from [5] can be found in many functional analysis

textbooks.

Theorem 1.2. There is a ¢ > 0 such that |u(z) — u(y)| < ¢|z — y|2 Va,y € [0, 2n]
and Vu € H.

An application of the Arzela-Ascoli theorem will then give that the inclusion map,
H — C0,27] is a compact operator. It follows that H — L?[0, 27] is also compact.
A full proof of the Sobolev Embedding theorem can be found in [5].

In the matrix case, we will be interested in vectors u € R". We will decompose our

space R" = X @Y, where X and Y are defined as the span of eigenvectors of a matrix,

b}



A. Tt will often be helpful to decompose individual vectors, u € R" such that u = x+y
with x € X and y € Y. Note, however, that x and y are assumed to have to same
dimension as that of the full space. Occasionally, it will also be helpful to consider
a sort of directional derivative, which we will denote VxF(u) - (x+y) = VF(u) - x.
Similar notation will be used for a derivative in the Y direction.

Finally, we will use the same notation for the differential equations case, except
our space will be H, and the decomposition H = X &Y is used, assuming that X is

finite dimensional.



Chapter 2: Matrix Case

In this first chapter, we consider the case L = A, where A is an n X n symmetric

matrix and we let u € R”.

We must first identify an appropriate functional. In general, we wish to find a

functional .J such that for all u,v € R,
VJ(u) v =(Au—au” +bu",v)
Lemma 1. Let J : R" — R be given by

J(u) = % (Au,u) — g (ut,ut) — g (u”,u")

Then VJ(u) - v = (Au — aut + bu~,v).
Proof. Let f(z) = (z*)*. Then

x? x>0
0 z <0

Clearly, f is continuous on all of R and f is differentiable for any = # 0. Moreover,

at zero, we see that,

lim f( —f(O) = lim 9
rz—0~ xr — 0 z—0" T

=0.

Also,
. 2
i L@ = fO) 2t
z—0+F x—0 z—0- I
= lim zx
r—0—
=0.



So,

_ flz) — f(0) _
lim Q0 =0,

z—0~ xr —

o @)= 5O
0

z—0t T —

and hence f is a continuously differentiable function, with

f,($):{2x x>0

0 r<0 "’
Written in another form, f'(z) = 2z7.
Now, let h(z) = (2~)°. Then

0 x>0
h(x):{ﬁ z <0

Similarly, h(x) = (2~) is continuously differentiable, with &’(x) = —2z~. The nega-
tive sign comes from an application of the chain rule.
*)

If we now consider the quantity (u*, u*) we note that

() = () ()7 o ()’

is continuously differentiable in each variable, so V ((u®, ut)) = £2u®.

As for the one remaining term, note that

lim (Au,u) — (Aug, ug) — 2 (Aug,u — ug)
lu—uo]—0 [u — ug|
— bm (Au,u) — (Aug, ug) — (Aug, u) — (Aug, u) + (Aug, ug) + (Aug, ug)
lu—uo|-0 [u— o
— tim (A(u —ugp),u —ug) — (Aug,u — uyp)
lu—uol|—0 [u — uo|
— iim (Au — ug,u — ug)
[lu—uo||—0 |lu — up||
=0.



So, (Au,u) is differentiable, with V({Au,u)) = 2Au.

Therefore, we may conclude that VJ(u) - v = (Au — au™ 4 bu~,v). O

We now examine the geometry of the functional J on certain subsets of R”. We
begin by showing a lemma, which will be of use in establishing properties of the func-
tional. It should be noted here that, while the lemma may seem arbitrary and might
not be the most logical way to proceed upon first seeing this type of problem, after
repeated estimations of the same type, it was determine that this single inequality

would help establish many of the desired properties.

Lemma 2. Let A be a real-valued, n x n symmetric matriz with eigenvalues,
A1 < X\ < ... < \,, and corresponding eigenvectors {vi,Vva,...,v,}. Given a such
that A\, < a < Agy1 for some k and b > a, define X = span{vy,va,..., v} and

Y = span{Vii1, Vit2, .., Va}. Let J:R™ = R be given by

J(u) = % (Au,u) — g (ut,ut) — g (u”,u”).

Let s =b—a > 0. Then there is an € > 0 such that, for allx1,x9 € X andy,,y2 €Y,
(VJ(x2 +y2)— VJ(x1 +y1), X2 — X1)
< —ellxa —xa1[|* + s(llx2 — xa [ + [ly2 = y1[)ly2 — yal.-

Proof. Let
D= <VJ(X2 + Y2) — VJ(Xl + yl),Xz — X1> .



This gives
D = (A(xa+y2) —alx2+y2)" +b(x2 +y2) ", X2 — X1)
- <A(X1 +y1) —a(xy +y1) T +b(x1 +y1), Xz — X1>
= (A(x2 +y2) — a(x2 +y2) + s(x2 + y2) , X2 — X1) (sinceu=u" —u")
—(A(x1 +y1) —alx1 +y1) +s(xi +y1) X2 —x1)
= (A(x2 —x1) —a(xz — x1),x2 = x1) + (A(y2 — y1) — a(y2 — y1), X2 — X1
+s5((x2+y2) — (X1 +y1) X2 —x1)

= (A(x2 — X1),X2 — X1) — a (X3 — X1, X2 — X1) (since X 1Y)

+s{(x2+y2) —(x1+y1) ,X2—X1).

If we then make the substitution X —x; = (X2 +y2) — (X1 +y1) — (Y2 — y1),

and we note that
<(X2 +y2) — (X1 +y1) , X2 —X1)
= ((x2+y2) — (X1 +y1), (x2+y2) — (x1 +y1))
—((x2+y2) — (1 +y1) ,y2—y1)
< —{(x2+y2) —(x1+y1) ,y2—y1),
since f(x) = x~ is a monotone decreasing function. By application of the Cauchy-

Schwarz and triangle inequalities, coupled with the fact that |[v- —w™ || < ||v — w||

we get

10



D < (A(x2 — X1),Xa — X1) — a (X3 — X1, X2 — X1)
—s((xa+y2) — (x1+y1) ¥z —y1)
< (A(x2 — X1),X2 — X1) — a (X3 — X1, X2 — X1)
+sll(x2 +y2) — (x1+y1) llllyz — y1ll (2.1)
< (A(x2 — X1),X2 — X1) — @ (X3 — X1, X2 — X1)
+ sll(x2 +y2) — (x1 + y1)llllyz — y1ll
< (A(x2 — X1),X2 — X1) — a (X3 — X1, X2 — X1)
+s{lxe = xall + [lyz — yall] [ly2 — y1l]
Since a > A, choose € such that a = (1 + €)\z. Then
(A(xg —X1), X3 — X1) — a (Xg — X1,Xg — X1) < Mgllxz — x1 |2 — (1 + ) M\gx2 — x4 |?
< —€llxg — x4 |2 (2.2)

since Ay is the largest eigenvalue acting on elements of X, and hence (Ax,x) <

Ak (x,x) for all x € X.

Combining (2.1) and (2.2), we get the desired inequality,

D < —ellxa = xal* + s [l 2 = x2) | + (2 = y)l] ly2 = yal (2:3)
[l

Now that we have established this important inequality, we proceed to prove the

properties of the functionals J and J.

Theorem 2.1. Under the hypotheses of Lemma 2,

1. For fired y € Y, J is convexr and anticoercive on the set y + X and achieves a

UNLqUE MaTIMUM.

11



2. There exists a continuous function, r : Y — X such that,
(a) J(y):=J(r(y) +y) = max{J(y +x) : x € X},
(b) J € CY(Y,R), and
(c) givent >0, r(ty) =tr(y) and J(ty) = t*J(y) Vy € Y.
Proof. Since X and Y are complementary subspaces of R", then for any vector u € R”,
we can write u =x+y where x € X and y € Y. Now, we consider J restricted to
the set y + X = {y + x: x € X}, where y is some fixed element of Y, and examine
D, a difference quotient for V.J.
With y € Y fixed and x1,x2 € X, note that (2.3) simplifies to

(VJ(x2 +y) = VJ(x1 +y),%x2 — x1) < —¢l[xa —xa %, (2.4)

which shows that J is strictly concave on y + X.
Examining the value of J on y + X, we note that, since X and Y are orthogonal
and X and Y are invariant with respect to the matrix A (i.e., Ax € X Vx € X and

Ay e Y Vy eY),

2J(x+y) = (A(x+y),x+y) —a((x+y)", (x+y)")

—b((x+y), (x+y))

= (Ax+y)x+y)-ax+yx+y)
—s((x+y) . (x+y))

= (Ax,x) + (Ay,y) — a (x, (%))
—aly.y) —s((x+y) . (x+y)")

< {Ax,x) —a(x,x) + (Ay,y) —a(y,y)

< Mellx[)? = allx|] + C

= (A —a)|lx|I* + C,

12



for some C' > 0, where C' comes from inner products dealing only with y € Y,
which is fixed. Hence, since \;, < a, J is bounded above and anticoercive on y + X.
Now, let M = supy J(x+y) < co. Since J(x +y) is anticoercive, then there exists
R > 0 such that M = sup<pJ(x+y). J is a continuous functional, and so it
achieves a maximum on the compact set ||x|| < R. The maximum is unique since if
X1,X2 € X are both maxima, then 0 = (VJ(x1 +y) — VJ(x2 +¥),x1 —X2) <0, a
contradiction. Hence the first claim of the theorem holds.

Define a function, r : Y — X such that r(y) € X is the unique element of X such
that J is maximized on y + X. We wish to show that r(y) is a continuous function.

We first note that

(VJ(r(yz) + y2) = VJ(r(y1) + y1),7(y2) — r(y1)) =0,

since 7(y1) and r(y2) are both in X and are maxima on the sets y; + X and y2 + X,
respectively. Substituting this fact into (2.3) and making the substitutions x; = r(yy)

and xz = r(y2), we conclude that

€
;HT(Yz) —r(y)|”> = lIr(y2) = rly1)llllyz — y1ll < llyz — yall’,
and hence,

(2.5)

s+ /8% 4 4des
||7“(Y2) - T(Yl)H < (T) ||Y2 - Y1||a

so r(y) is a continuous function.

Now, let .J : Y — Y be defined such that J(y) := J(r(y) +y). Note that
J(y2) = J(y1) = J(r(y2) + y2) = J(r(y1) + y1)
= (J(r(y2) +y2) = J(r(y2) +y1)) + (J(r(y2) + y1)
—J(r(y1) +vy1))

< (J(r(y2) +y2) — J(r(y2) + y1)),

13



since J(r(y1) + y1) is the maximum at y;. Then

J(y2) = J(y1) < VJ(r(y2) +y1) - (y2—y1) +o(lya—y1l)  (J € C'(R",R))
= (VJ(r(y1) + y1) + VJ(r(y2) + y1)

=V J(r(y1) +y1)) - (y2 = y1) + olllyz — y1l))
= (VJ(r(y1) +y1)) - (y2 = y1) + (VI (r(y2) + y1)

~VJ(r(y1) +y1)) - (y2 — y1) + o(lly2 — y1ll)

=VJ(r(y1) +y1) - (y2 —y1) +o(llyz — y1l)), (2.6)
i |V 2) +y1) = VIr(y1) +¥1)) - (y2 = y1)
ly2—y1]—0 ly2 — vl

< lim VJ(r(y2) +y1) — VJI(r(y1) + y1)

" lyz—y1l—0

=0,

by the continuity of both V.J and r. If, instead of adding and subtracting J(r(y2)+y1)
in the first step of the above inequality, we had added and subtracted J(r(y1) + y2),

we would have concluded that

J(y2) = J(y1) = VJ(r(y1) + y1) - (y2 — y1) +o(llyz — y1ll)-

Combining these two results, we conclude that

J(y2) = J(y1) = VJ(r(y1) + y1) - (y2 — y1) + o(lly2 — yal)),
and therefore J € C'(Y,R) and V.J(y) = Vy J(r(y) +y).
Finally, note that if ¢ € R is given, then for ¢ > 0,
J(tu) = %((A(tu),tu) —a{(tu)*, (ta)) + b {(tu)", (tw)"))

1

= 5 (" (A(w), u) = a (W), (W)") + £ ((w)", (w)7))

=t*J(u), (2.7)

14



since positive constants can be factored out of (-)™ and (-).

Given (2.7), consider
Jx+1y) = J (t(F+y))
=t2J <% + y) (2.8)

Since J(x + ty) is maximized at x = r(ty) and t*J(¥ 4+ y) will be maximized at

x = tr(y), then r(ty) = tr(y). Finally, we combine these results to see that,

J(ty) = J(r(ty) +ty)
= J(tr(y) +ty)
=*J(r(y) +y)

=t2J(y).
[

Having established the appropriate geometry of the function, we may now show
a variational characterization of the Fucik spectrum. This characterization exhibits
that the characterization of the Fucik spectrum given by Castro in [2] for a more

general class of operators is applicable to our case.

We begin with several lemmas which relate critical points of J | to critical
llyll=1

points of the unrestricted J, and critical points of .J to critical points of J.

Lemma 3. Given yo € Y with ||yo|| = 1, V J(yo) et 0 and J(yo) = 0 if and
y|l=1

only if V.J(yo) = 0.

Proof. Let yo € Y such that ||yl = 1 and let V := {v € R" : (v,yo) = 0}. Then

every y € Y may be represented as y = tyg + v for some ¢t € R and v € V. Note

15



that the curve y(t) = Hggizl\’ with yg € Y and v € V both fixed, is a smooth curve

on the set {y € Y : ||y|]| = 1} with 7/(0) = v. First note that

5 (Fom)| =v160) 70
=VJ(yo) v
Similarly, note that
< (Jty)) - < (#i0)
= 2J(yo)

If we now represent y € Y as y = tyo + v, then we see that V.J(yo) - (tyo + v) =
2t.J(yo) + VJ(yo) - v. If J(yo) = 0 and VJ(yo)-v = 0 Vv € V, then clearly
VJ(yo) - y=0Vy €Y. If VJ(yo) -y = 0 Vy € Y, then clearly it must be true for
Yy = yo. In that case, we see that v =0, so 0 = V.J(yo) - yo = 2t.J(yo) V¢t > 0. Hence
J(yo) = 0, and therefore we conclude that V.J(yo) = 0.

]

Lemma 4. VJ(yo) -y =0 Yy €Y if and only if VJ(r(yo) + yo) - u =0 Yu € R

Proof. Assume V.J(yo) -y =0 Vy € Y. Taking the gradient of J, we see that
VJ(r(yo) +yo) - u=VxJ(r(yo) + yo) - x+ VyJ(r(yo) + ¥o) - ¥ (2.9)

Since J achieves a maximum with respect to X, then VxJ(r(yo) + yo) - x = 0.
Substituting this in to (2.9), we see that

VJ(r(yo) + yo) - u= VyJ(r(yo) + yo)y
= VJ(y)

The other direction of the proof follows from (2.9) and the fact that critical points

in the X-direction are unique from Theorem 2.1.

Therefore, the lemma holds. O
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Now, using these lemmas, we may provide a variational characterization of the
Fucik spectrum. For the statement and proof of this theorem, we adopt the notation
Jy, to highlight the fact that the functional J takes b as a parameter. There is no
difference between .J and .J,, but given the importance of the reliance of J on b to this
proof, we have adopted a different notation. Furthermore, this notation is consistent

with that used by Castro in [2]

Theorem 2.2. Let A\, < a < A1 and define

b(a) :=sup{b>a: ”iﬂlfl Jy(y) > 0}.
y =

Then,

1. (a,b(a)) € 2, as defined in (1.2), or b(a) = oco.
2. ifa <b<b(a), then (a,b) ¢ 3, and
3. b(a) Z )\k+1.

Proof. Assume b(a) < oo and let h(b) := infjy Jy(y). Tt is clear from the definition
of J, that h(b) is nonincreasing and continuous in b. Furthermore, it is the case that
h(b(a)) = 0, since if h(b(a)) = € > 0, then we can choose some b; > b(a) so that
h(by) = §, contradicting the definition of b(a). We can similarly rule out h(b(a)) < 0.
If h(b(a)) = 0, then for some yo € Y with ||yol, Ju(yo = 0 is the minimum value

and is achieved at yg. This yg is guaranteed to exists due to the compactness of the

set {y € Y : |ly|| = 1} and the continuity of J,. So, J, " has a critical point
yl|=1

with critical value is zero. By Lemma 3 this corresponds to a critical point for the
unrestricted J, functional. Since critical points of .J, correspond to critical points of

Jy by Lemma 4 and the critical point is nontrivial since ||y|| = 1, then (a,b(a)) € X.

If b < b(a), then h(b) # 0. Since h(b) # 0, then the critical points of .J, do

lyll=1
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not correspond to critical points of the unrestricted functional .J,. So, (a,b) is not
a critical point of J, and hence (a,b) ¢ 3. Finally, we show that b(a) > Apy1 by

assuming to the contrary that a < b(a) < Apy1. Let K = Apy1 —a > 0. Then Vy € Y,

Jo(y) = Jo(r(y) +y)

> Jy(y)

1 1 1
=5 (Ay,y) —5a (yh,y") - §b<y‘,y‘>

2
1 1

> §Ak+1||y||2 — §(Ak+1 —&)|lyl]? (Ak+1 is the smallest eigenvalue on Y.)
1

= §'f||)’||2
> 0.
Hence, inf)y =, Jy(y) > 0, a contradiction to our definition of b(a), so b(a) > \g1. O

Now, using the variational approach, we wish to identify a functional, F(u), so

that VE(u) = 0 is exactly (1.1). Let
E(u) = J(u) — G(u), where VG(u) = g(u).

We easily see that, in light of Lemma 1, this is the appropriate functional.
Consider the functional E(u) restricted to the subspace X. If we assume that

g(u) is bounded, then, due to (2.4), we can conclude that
E(x) < —e||x||* + M|}, (2.10)

and therefore F(x) is anticoercive on X.

Now consider E(x) restricted to the set 9 := {r(y) +y : y € Y'}. Note first that

i) =7 (vl )

= [lylI*7(9). (2.11)
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and so if infyy =1 J(y) > ¢, we conclude that J(y) > e||y||>.

Now, recalling that r(y) satisfies (2.5), we can rearrange (2.5) to show that
|lr(¥)|| < M'||y||, for some M’ > 0.

Combining these results, we see that
E(r(y) +y) 2 ellyll* = M|r(y) + ¥

> ellyll* = M ([lr()l + llyl) (2.12)

> ellyll* = M(M' +1)[ly].-
if inf)jy = jb(y) > €. It follows that there exists some R sufficiently large such that,

sup E(x) < inf E(y).
Ix||=R yey
On the issue of existence of solutions, we need also to establish an appropriate
compactness condition for our functional. In particular, we wish to show that the
functional satisfies (PS), which depends on whether our parameter values are in the
Fucik spectrum. When (a,b) € ¥, we show that (LLM) is sufficient to establish

compactness.

Theorem 2.3. If (a,b) ¢ X or if both (a,b) € ¥ and (LLM) is satisfied then the
functional E : R — R defined by

E(u) = % (Au,u) — g (ut,ut) — g (u”,u”) — (G(u),u)

satisfies (PS).

Proof. We wish to show that, given {xy}32; such that {E(xy)}?2; is bounded and
VE(xx) — 0, {xx}?2, has a convergent subsequence. Since we are working in R", it

suffices to show that {xy}?2, is bounded.
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Assume to the contrary that {z;}?, is not a bounded sequence. Then without
loss of generality, [|xx|| — oo so let X, = H’;—‘;” Then there exists a subsequence,
{Xk}72, and an X such that X, — X. By the continuity of the norm, [|X]| = 1.

Dividing the functional equation through by ||xy||, we see that

E
VEX) _ g - ak;t + by — LK (i)
[l [l
Letting k — oo, we get that
0= A% —aX" +b%~ (2.13)

a contradiction if (a,b) ¢ . If (a,b) € X, we note that X is an eigenvector, and then

we consider the equation
(VE(Rk),X) = (A%, %) — a (X, %) + b (X, %) — (9(Ri), X)
Since A is symmetric and X satisfies (2.13), we may rewrite the equation as
(VE(R), %) = a (%3, ) — (%5, %)) — b (%, %) — (%5, %)) — (9(R0), %)

Taking a limit of each side as k — oo and using the continuity of (-)*, we conclude
that

lim (g(Xk),%X) =0,
k—o0

which is a contradiction of (LLM). Therefore, {xx}72, is a bounded sequence in R™

which implies that it has a converging subsequence. So {xy};>, satisfies (PS). O

Now, given properties of the functional E, our variational characterization, and
the Palais-Smale compactness condition, now we need only show one last lemma

before applying the saddle point theorem.
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Lemma 5. Let
I':={y:Br(0) CX = H:vl|opyo) (x) =x,7€C}.

Then,

inf sup E(v(x)) > sup FE(x).
el XEBR x€OBR

Proof. Let v : Br(0) € X — H be a continuous function such that y(0Br(0)) =
{xy) : ¥y = 0,]x]| = R}. Let v(x) = 7x(x) + v (x) where 7x(x) € X and
Yy (x) € Y. In order to show that v(Bg(0)) N9 # @, we wish to find x € X so that
vx(x) = r(yy(x)). Let F(x) = vx(x) —7(7y(x)). Now, let h(x,t) = tF(x)+ (1 —1t)x.
Note first that if z € 9Bg(0), then F(x) = x # 0, so h(x,t) =tx+ (1 —t)x =1 for

x € 0BR(0). Then deg(F, Br(0),0) = deg(/, Br(0),0) = 1, and hence,
inf sup E(y(x)) > inf E(y)

’YEFXEBR yey

> sup FE(x)
XeaBR

O

Theorem 2.4. Under the hypotheses of Theorem 2.3, there exists a solution to (1.1),

where g(u) is a bounded gradient vector field.
Proof. Recall that the functional E satisfies (PS) due to Theorem 2.3 and that

inf sup E(vy(x)) > sup E(x),
yer xEBRr x€OBR

due to Lemma 5. Hence by the saddle point theorem, if
.= {7 : Br(0) € X — H : v |apyo) (X) = (x,0),7 € C’}

and

d := inf sup F(vy(x)),
7€l xex
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then d is a critical value. Hence, for some ug € R", VE(up) - v = 0 for all v € R™.

Hence, VE(ug) = 0, so ug € R™ is a solution to Au — au™ —bu~ — g(u) = 0. O
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Chapter 3: ODE Case

In the differential equations case, the problem of interest is the boundary value
problem,

—u" =aut —bu” + g(u)

u(0) = u(27) (3.1)
uw'(0) = u/(2m)
where v () = max{u(x),0} and v~ () = max{—u(x),0}.

The method of proving existence of solutions follows just as it did in the previous
chapter. It is worth noting that much of the geometry of the functional is exactly as it
was before, with only a few exceptions which will be noted. Where the computations
are nearly identical, the reader will be referred to the computations in the previous
chapter, and only the final result will be given. The major difference in the ODE
case is proving the Palais-Smale condition, which turns out to be substantially more
difficult. One might expect this, given that we are now trying to prove a compactness

condition for an infinite dimensional space.

Lemma 6. Let J: H — R be given by

1 21 a 21 b 21
_ ne g, @ 2 7. 2 —\2
J(u)—2/0 (u")= dt 2/0 (u™)“dt 2/0 (u™)* dt.
Then

27 27 2T
VJ(u)-V:/ u’v’dt—a/ uﬂ;dt—l—b/ u” v dt.
0 0 0

This lemma is justified by a more general theorem.

Theorem 3.1. Let g : R — R be a CY(R) function. Consider F : H — R given by

F(u) = fozwg(u) dt. Then F is CY(R) with VF -v = f(]?ﬂ g'(wvdt.
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Proof. Note first that

/O%Q(U) — g(uo) — ' (o) (u — o) dt‘

0= ) [ o)~ )] =

Aﬁf@““—wo—dwww—u@ﬁM

where @(z) is the function guaranteed by the Mean Value Theorem such that @(x) is

between u(z) and ug(x) and g(u) — g(ug) = ¢'(@(z))(u — ug). Then
P = Flw) = [t < [l - gl @

< |lg'(@) = g'(uo)||r2]|w — uol| 2

Therefore,
21
o [F) = F) - [T @edt| ) — g o)l — ol
lim < lim
llu—uol| 10 lu — woll g llu=uol| 10 [l — wol| 2

< lim  ||g (@) — ¢'(uo)l| 2

 lu—uollz—0

:(]7

since @(z) is between u(z) and ug(x) and @ — ug uniformly in C0,27|. Hence, F is

differentiable with VF(u) - v = fo% g (u)v dt. O

This theorem allows us to reduce the problem of finding a derivative of our func-
tional to a single-variable problem. Therefore, recall that if f(z) = 3(z*)?, then

f'(x) = £a*. Therefore J is differentiable with derivative

27 2T 2T
VJ(u)-c:/ u’v’dt—a/ u+vdt—i—b/ uTvdt
0 0 0

As before, we wish to establish an inequality which will make the proofs of several

parts of the theorem quite simple.
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Lemma 7. Choose € such that a = (1 + €)\,. Let & = min {$\, §} and let D =
<VJ(‘T2 + y2) - V‘](‘Tl + yl)a To — l’l)- Then;

D < =b|lxg — 1[5 + s(llz2 — 1l + lye — wall2) ly2 — vl 2

Proof. We proceed just as in the proof of Lemma 2. The same calculations as before

will show that
D < H‘TIQ - 17/1H%2 - CL||56’2 - 1‘1||L2 + 3(||l‘2 - 561||L2 + ||y2 - ?J1HL2)||Z/2 - ?/1HL2

Now we choose € such that a = (1 + €)\;. If we then examine the first piece of the

right-hand side, we find that

2m
Iy = wtlfa = [ (s~ o4 d 32)
0

€ 2 € 2T
= (1+—> / (zhy — 2))* dt — —/ (zh, — oh)? dt
27 Jo 2 Jo

since A is the largest eigenvalue on X. Now, making the substitution a = (1 + €) Ay,

we note that

27 27
€
Iy = il = allea = o < (14 ) A [ (e — e =5 [ g -t
0 0
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Substituting this back into the original inequality, we conclude that

D < —dlay — 5171”%{ + 5(||lz2 — 21|22 + [ly2 — nillz2)ly2 — vl 2
as claimed. O

Now we proceed as before with a theorem about the properties of a functional J.
We recall that the eigenvectors of the second derivative operator are {sin(nz)} with

corresponding eigenvalues {n?} for n a non-negative integer.

Theorem 3.2. Let L be the second derivative operator with eigenvalues A < Ay <
... < Ay < ... and corresponding eigenfunctions {¢1, G2, ..., O,y ..} Given Ay < a <

Mer1 define X = span{d1, ¢o, ..., 0n} and Y := span{dni1, Prszys- - Ony- .-} = X1,
Let J: H — R be defined as

() = %/O%(U')zdt— g/o%(uﬂzdt— g/:ﬂ(u_)th

Then,

1. For firxed y € Y, J is concave and anticoercive on the set y+ X and achieves a

UNLQUE MATEMUM.
2. There exists a continuous function, r : Y — X such that,

(a) J(y)=J(r(y) +y) =max{J(y+z) : v € X},
(b) J e CYY,R), and

(¢) givent >0, r(ty) = tr(y) and J(ty) = 2J(y) Yy € Y.
Proof. As in (2.4), we may conclude that that for fixed y € Y,
(VI (22 +y) = VI (@1 +y) w2 — 1) 2 < —0llws — 217,

and hence we conclude that J is concave and anticoercive on the set y + X.
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Similarly, to show that r(y) is a continuous function, we use the same substitution

as in (2.5) (along with the fact that || - ||z2 < | - ||z ) and conclude that,

g2 — yall e (3.4)

I(52) — ()l < (*— V2+4>

So r(y) is continuous in L?. Note also that if {y; }3°, is a bounded sequence in H, then
{yr}$2, has a convergent subsequence in L2, call it {y;,}22,, which by the previous
inequality gives us that {r(yx,)}2, converges in H.

The proofs of parts 2(b) and 2(c) of the theorem follow exactly as in (2.6), (2.7),

and (2.8). These two final parts conclude the proof of the theorem. O

The variational characterization exhibited in 2.2 remains almost exactly the same,
with one detail needing to be checked. In the finite dimensional case, we used the
compactness of the set {y € R" : [|y|| = 1} to show that inf|,—; Jy(y) was achieved
at some y with ||y|| = 1. In the infinite dimensional case, we must argue that such a

1y exists.

Let {y,}2, be a minimizing sequence with ||yxl|z2 = 1 such that J(y,) \
inf ) ,=1 Ju(y). Since {y;}22, is a minimizing sequence, then {2.J,(yx)}52, is bounded
above. Let M > 2J,(yz) for all k. Then,

M > 2J,(yr)

> 2J5(yk)
2T 2T 9 2T 9
:/ (y)? dt — a/ (y™)” dt — b/ (ye™)" dt.
0 0 0
Since ||yk||zz = 1, then the two rightmost integrals are bounded, and hence

2w
/ () dt < oo.
0
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Therefore, ||yx|lg is bounded for all k. Since H embeds compactly in C[0, 2], there
must be a subsequence of {y;}?2, that converges in C|0,27]. Also, without loss
of generality, r(yx) — r(y) in H by (3.4). We also note that, due to weak lower

semicontinuity,

k—o0

lim inf / () + ) ) de > / "(ry) + ) dt.
Hence,

2 inf Jy(y) = liminf (/0W((r(yk)er)’)2 dt—a/o ”((T(yk)+yk)+)2 dt

lyllL2=1 k—oo

Hence, inf), ,=1 Ju(y) = 2J,(y) for some y € H.

Now, the only difficulty remaining is establishing the Palais-Smale condition.

Theorem 3.3. If (a,b) ¢ ¥ orif (a,b) € ¥ and (LLD) is satisfied, then the functional
E : H— R defined by

satisfies (PS).

First, suppose that {uy}°, is a sequence such that {E(uy)}2, is bounded and

VE(u;) — 0in H. We wish to show that ||ug||« is bounded. Suppose to the contrary
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that ||ug||cc — 00. Then let v, = —%—. Note that if we divide the energy functional

u
llukloo

through by [Jug||%,, we get

2 2 21 2
2 0 2 0 2 0 0 2

Iz

Note that if we take a limit, the term 2% — 0 since {E(uz)}22, is bounded and

[IAES

27
/ %dt—ﬂ)
0

[lull3

since G’ = g is a bounded function, and thus |G(ug)| < C'|ug|, where |g(ug)| < C
Vug. Also note that [|[vf]|. < 1, so fo%(vi)2 dt is likewise bounded. Therefore, we

may conclude that
1 2
5/ (vp)? dt < +oo0,
0

and therefore ||vg ||z is bounded.

Thus, without loss of generality, there exists ¥ € H such that vy — ¥ in H and
v, — W in L?[0,27] and C'[0,27], by Alaoglu’s theorem and a standard compact
embedding theorem. We know that || V]|, = 1 since ||vg]|oc = 1 Vk, so U is nontrivial.

Using this convergence, we can now show that

0= fim Y20

k—oo HukHoo

2 2 2 2 g(uk)
= lim [/ v;w’dt—a/ vﬁwdt—i—b/ ’Ukwdt—/ wdt] (3.7)
k=00 | Jo 0 0 o luklleo
2m 2 2w
= / U'w' dt — a/ Utwdt + b/ U~ wdt (3.8)
0 0 0

Thus, ¥ is a weak solution to the boundary value problem

(3.6)

—u" = aut —bu~
u(0) = u(27) (3.9)
u'(0) = u'(2m)
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and WU is a non-trivial Fucik eigenfunction. If (a,b) ¢ X, then this is a contradiction

and ||ug||« is bounded as claimed. If (a,b) € 3, then consider the quantity,

[kl R [T

2m U
dt + / g(uy) dt (3.10)
0

lurlloe

Note first that, by assumption

k—ro0 Huk‘Hoo

=0.

We can rewrite the first term on the right hand side of (3.10) so that

21 27
G G

lim Gluk) 3 gim / () _w_
k—oo Jo Uk k—oo Jo ook ||ukllss

— lim G(uk)thL/ Gluw) s g,
v>0

k=00 Jyco U |urllso ug  |uglso

= G/ vdt+G+/ vdt (3.11)
W<0 ¥>0

Now, we need only to determine what the last integral in (3.10) converges to in order

to reach a contradiction, which will show that ||ug|/o is bounded. We begin with a

lemma.

Lemma 8. Let £ : H — R be defined as before, and let {u}3, be a sequence such

that {E(u)}32, is bounded and VE(uy) — 0 in H. Then Tas has a convergent

subsequence in H.
Proof. Let

2m 2m
P(u)-v:/ u'v'dt+/ wodt = (u,v)
0 0
2m 27
S(u)-v:—(a+1)/ u+vdt+(b+1)/ u v dt
0 0
27
T(u)-v:—/ g(u)vdt
0
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so that

VE(u)-v=(P(u)+ S(u)+T(u))-v.

+ 72
First, let us consider S(u). Since < Lk ) LR U, then <“—k> L 0t and

- 2
(“—’“) S by the Lebesgue Dominated Convergence Theorem. Noting that

l[klloo

27 + 27 -
M.UZS(L).U:_G/ (_> var+o | (_) vt
[P [k o \urll o \urll

we conclude that S (“—’“) v — S(¥)-v Vv e H. Since

lluk oo
!(SQdﬁm)—SWO'”=Y*”*”A%((W$@)+—Wﬁ”“
+(b+ 1)/0% <(||UZ"|“|OO>_ - \If) vt

<@+ 0l (2 >+—wwm

[k ]| oo

o4 D (=) -9l

[l

for ||v]|g2 < 1, then S (Hu“—’“> — S (V) in H*.

kllo

Now, considering T'(u), we see that

so {T'(ux)} is bounded in H* since

17 (w)]

i < gz < C.

So || 2wl || — 0 as k — oo.

[kl oo
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Finally, considering P(u), we first note that P(u) - v = (u,v),. Therefore, by
the Riesz Representation Theorem, there is an isomorphism, ¢ : H* — H such that
ioP(u) =uYu € H. So, P is an invertible linear operator with continuous inverse.

Recalling that VE(u) = P(u) + S(u) + T'(v) and that by a hypothesis of the

Palais-Smale condition, VE(u;) — 0 in H* as k — 0o, we see that

VE(uk):P<L)+S( u )+T(uk)

[kl [kl [urlloo / Ilunlloo

can be rewritten as

[ [0 lurlloo ) llukllo

Therefore, invoking the continuity of P~! and taking a limit as k — oo, we conclude

that

Huilﬂoo P 0-S(¥) —0) = PT(=S(V)) = V.

Lemma 9.

g(“k) - G+X\I/>0 + G Xw<o

By Alaoglu’s Theorem, we know that {g(uy)},—, has a weakly convergent subse-
quence since {g(ug)},, is bounded in L?[0,27]. Let g(ur) — g. Now we need only
to show that

g =G "xu=0+ G Xu<o

It will be helpful to recall some standard properties of Fucik eigenfunctions, ¥, namely
that they are continuously differentiable and have a finite number of critical points.

For a proof of such properties and an explicit formulation for such W, see [1]. Let
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v = X|c,q) be the characteristic function of some closed interval where 0 < c <d < 27

and [¢,d] C {z: ¥(xz) >0,V (x) >0} . Then we may write

27 d
/ 9(uk) X[e.q) At = / g(uy)dt
0 C

'LLI /

o 1 - Tl PN i e
—/Cg( ) |1 o) dt+/c g(uy) (o) dt, (3.12)

where ¢ < e < d such that U'(e) = %, as guaranteed by the Mean Value

Theorem. Analyzing the second term, we find

Ul

d "k d
T lloo 1 ,
g(ug) — dt = /—/ g(ug)uy, dt
/c V'(e) V() [ur]|oo Je k

1
= T (G(ur(d)) — Glux(c)))

_ 1 Gu(d)) ur(d) — Gluk(c)) ux(c)
Vie) ur(d) furllo  ur(c) [lurllo

Now, taking a limit of both sides, we see that,

lim dg<uk> Tl | gr iy L Glus(d)) un(d) — Glux()) u(c)

koo ), U'(e) koo W) up(d) fuillo  ur(e) [uell
1 + —Gtu(e
- 70 (GTU(d) — GT¥(c))
= (d—c)G*

2w
= / G+X[c,d] dt
0

Focusing now on the first term of (3.12), we note that,

55)- (-3
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SO

oo [1-BE ) as [ (- 20

Let € > 0 and define M := ||g||oo. The fact that M exists is a consequence of the

boundedness of g. Choose ¢;, d; such that

n

. —c |5 an -
Ulesdi = fesdl, fd el = Zid el one 1

=1

€
< M Vi, xe € [Cl,d,]

Then,

n

D

=1

[ o (-5 ] = vl = eta—o

i=1
Since € was chosen arbitrarily, we may let e — 0, and hence, by substituting back into

(3.12) we find that

2 2

lim 9(uk)Xe,q) dt = G Xjea dt V]e,d) C {z: U(z) > 0,V (z) > 0}. (3.13)

k—o0 0 0

The exact same calculations will show that, given [c,d] C {z : ¥(z) > 0,¥'(z) < 0},
we get the same conclusion as in (3.13) . For [¢,d] C {z: U(z) < 0,¥'(z) > 0} and
[e,d] C {x:¥(z) <0,¥(z) <0}, we can complete the same calculations, but will
this time find that

2

2
lim 9(uk)X[eq dt = / G™ Xle,a dt.
0

k—00 0

Hence, we may recombine the integrals to see that

2w

2w
lim g(uk)X[c,d} dt = / (G+X\y>0 + G_Xq/<0) X[e,d] dt. (3.14)
0

k—00 0

We have now shown that g(ug) = G xwso + G~ xw<o for all characteristic func-

tions of closed intervals, so long as the closed intervals avoid critical points. If any
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intervals do include a critical point, however, we may delete some arbitrarily small
neighborhood of each of the finitely many critical point so that the total change in the
integral is less than some e. Standard arguments will show that since all L? functions
can be approximated by step functions (which are themselves linear combinations of

characteristic functions over intervals), then the claim holds for all v € H.

Combining (3.10), (3.11), and (3.14), we now find that

o——{cﬁ/ \Ildt+G/ \Ifdt],
>0 v<0

a contradiction because this quantity was nonzero by assumption. Hence, {u}72, is
a bounded sequence in L. By examining (3.5), we note that { E(ux)}32, is bounded
by hypothesis and all the integral terms, except the one involving u}, are bounded by
virtue of {u}52, being bounded in L>. Hence, {uy}32, is a bounded sequence in H.

Now, as before, consider VE(uy) = P(uy)+ S(ug) + T (ug). Since {uy}32, is bounded

. . H L2, C . .
in H, then there exists a subsequence u;, — u and u, — u. Now, taking a limit, we

see that

0= lim VE(u;) = kh_{gj P(ug) + S(ug) + T(ug) = P(u) + S(u) + T(u)

k—o0

and since P is invertible, we may rearrange the equation to see that,

Hence {uy}72; has a subsequence which converges in H, and therefore we have satis-
fied (PS).

As before, we may now apply the saddle point theorem.

Theorem 3.4. Under the hypotheses of Theorem 3.3, there exists a solution to (3.1),

where g(u) is a bounded function.
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Proof. Recall that the functional E satisfies (PS) due to Theorem 3.3 and that

inf sup E(v(x)) > sup E(x),
yer xEBRr x€OBR

due to Lemma 5. Hence by the saddle point theorem, if
.= {7 :Br(0) € X — H : v |opgo) (X) =x,7 € C’}
and

d := inf sup F(vy(x)),

7€l xeXx

then d is a critical value. Hence, for some uy € H, VE(up) -v = 0 for all v € H.

Hence, VE(up) =0, so ug € R" is a solution to Au — au™ — bu™ + g(u) = 0.
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Chapter 4: Conclusion and Further Research

In conclusion, our results in Theorem 2.4 improve upon the results of Margulies
and Margulies in [7] by proving existence of solutions in both resonance and non-
resonance case. The proof of Margulies and Marguiles was also degree-theoretic, and
not variational. Our results in Theorem 3.4 improve upon recent results from Bliss,
Buerger, and Rumbos in [1]. Their argument, which made very careful use of a series
of estimates, was only able to show that (LLD) was sufficient for the existence of a

solution if the parameters (a,b) € ¥ were sufficiently close to the main diagonal.

There still remain several open problems in both the discrete and ODE cases. In
the discrete case, determining a Landesman-Lazer type condition which puts the re-
striction on the function G, as in (LLD), instead of restricting the function g, remains
an open problem. Also, proving existence theorems for non-symmetric matrices re-
mains an open and challenging problem. See [9] for an example of existence theorems
for persymmetric matrices.

In both cases, how to use the variational characterization for certain pieces of the
Fucik spectrum remains an open problem. Castro’s characterization in [2] gives a
characterization for some curves, but only within a strip determined by consecutive
eigenvalues. In some situations, there are points in R? that are in a connected com-
ponent of R? — Y that is not accessible from the main diagonal. For these so-called
Type II regions, our existence theorems do not apply, but extending the variational

characterization in a new way might allow for those type of results.

37



1]

[9]

Bibliography

Bliss, D., J. Buerger and A. Rumbos. Periodic Boundary Value Problems and the
Dancer-Fucik Spectrum under Conditions of Resonance. Electron. J. Differential

Equations. 112 (2011), 1-34.

Castro, A. and C. Chang. A Variational Characterization of the Fucik Spectrum
and Applications. Rev. Colombiana Mat. 44 (2010), 2340.

Drabek, P. and S. B. Robinson. On the Fredholm alternative for the Fucik spec-
trum. Abstr. Appl. Anal. (2010).

Fabry, C. and A. Fonda. Nonlinear Resonance in Asymmetric Oscillators. J.

Differential Equations. 147 (1998), 58-78.

Kesavan, S. Topics in Functional Analysis and Applications. Wiley, New York,

1989.

Lazer, A. C. and P. J. McKenna. Large-amplitude periodic oscillations in sus-
pension bridges: some new connections with nonlinear analysis. STAM Rev. 32

(1990), 537-578.

Margulies, C. and W. Margulies. Nonlinear resonance set for nonlinear matrix

equations. Linear Algebra Appl. 293 (1999), 187-197.

Rabinowitz, P. Minimax Methods in Critical Point Theory. American Mathe-

matical Society, Providence, Rhode Island, 1986.

Robinson, S. and Y. Yang. Discrete nonlinear equations and the Fucik Spectrum.

Linear Algebra Appl. (2012)

38



[10] Struwe, M. Variational Methods. Springer-Verlag, Berlin, Germany, 1980.

[11] Willem, M. Minimax Theorems. Birkh&user, Boston, 1996.

39



Vita

Quinn Morris

Date of Birth: February 4, 1989

Place of Birth: Troy, North Carolina

Education:

e Master of Arts in Mathematics,

Wake Forest University, expected May 2012.

Thesis title: Resonance Problems of the Fucik Spectrum Using Variational

Methods.

Advisor: Stephen B. Robinson

e Bachelor of Science in Mathematics,

Wake Forest University, May 2010.

Publications:

e (). Morris and S. Robinson, Analysis of a Co-Epidemic Model. SIAM Under-
graduate Research Online. 4 (2011).

Honors and Awards:

e Dean’s List, Wake Forest University

e Pi Mu Epsilon, Wake Forest University

40



